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_ , Abstract: Nagel and Stein established L^-boundedness for a class of singular integrals of NIS 

type, that is, non- isotropic smoothing operators of order 0, on spaces M — Mi x ■ ■ ■ x Mm 
. where each factor space M^, 1 < i < n, is a smooth manifold on which the basic geometry is 

, given by a control, or Carnot-Caratheodory, metric induced by a collection of vector fields of 

' finite type. In this paper we prove the product Tl theorem on L^, the Hardy space HP{M) 

and the space CMO^{M), the dual of HP{AI), for a class of product singular integral operators 
. which covers Journe's class and operators studied by Nagel and Stein. 
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1 Introduction 

In their remarkable theory, Calderon and Zygmund generalized the Hilbert transform on M to 
certain convolution operators on M". These operators are of the form T(/) = K * f and K{x), 
the convolution kernel, is defined on M" and satisfies the analogous conditions that - satisfies 
on M, namely the regularity and cancellation conditions. This convolution operator theory was 
generalized in two directions. In the first extension, these convolution operators were extended 
to non-convolution operators associated with a kernel. To be precise, let K{x, y) be a locally 
integrable function defined on x G M" and y G M" with x / y. Let T : C^(M") (C^(M"))' 
be a linear operator associated with the kernel K in the following sense: If for f,gG C^(M"') 
with disjoint supports, {Tf,g) is given by // g{x)K{x,y)f{y)dxdy. Suppose that K satisfies 
some size and smoothness conditions analogous to those enjoined by the kernels of the Riesz 
transforms on M". The boundedness of T, in general, cannot conclude by using Plancherel's 
theorem if T is not a convolution operator. Note that if T is bounded on L^, then the program of 
Calderon-Zygmund can be carried out and the L*', 1 < p < 00, boundedness of T follows. The 
boundedness for non-convolution operators was an open problem until David and Journe 
[DJ] proved the remarkable Tl theorem. This theorem asserts that under some regularity 
conditions, T is bounded on if and only if both Tl and T*l, defined appropriately, lie on 
BMOiW^). 

The second extension is due to R. Fefferman and Stein |FS| . They extended this theory to 
the multiparameter product convolution operators. More precisely, Fefferman and Stein took 
the space M" x M™ along with the two parameter dilations instead of the classical one-parameter 
dilations and consider convolution operators Tf = K * f where K is defined on M" x M"^ and 
satisfies all analogous conditions to those satisfied by the double Hilbert transform on MxM. 
Using Plancherel's theorem, under some regularity and cancellation conditions, Fefferman and 
Stein obtained the boundedness of T. However, the program of Calderon-Zygmund for 
one parameter case doesn't work for multiparameter case. To prove the LP, 1 < p < 00, 
boundedness of T, Fefferman and Stein developed the multiparameter Littlewood-Paley theory 
on L^*, 1 < p < 00. Finally, the LP ,1 < p < 00, boundedness of T follows from such a theory 
and the almost orthogonality argument. See [FS] for more details. 
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Journe [J] unified up these two extensions to multiparameter singular integral operators 
on a product of n Euclidean spaces. Precisely, Journe introduced a class of singular integral 
operators which coincides with one parameter non-convolution operators and coincides with 
the convolution case for the Fcfferman and Stein class. To be more precise, let Ti and T2 be 
two classical singular integral operators on M and let T = T10T2. This operator can be defined 
from C^(M) ® C~(M) to its dual [C^{R) ® C^(M)]' by 

{Tfi ® 12,91^92) = {Tifi,9i){T2f2,92). 

Let Ki and K2 be the kernels of Ti and T2, respectively. If fi,gi G Co°(M) with disjoint 
supports, then 

{Tfi® h,9i®92) = jj 9i{x)Ki{x,y)fi{y){T2f2,92)dxdy 

gi (x) {Ki (x, y)/2 ,52)/! iy)dxdy, 



where Ki{x,y) = Ki{x,y)T2. Similarly, If f2,92 € Co°(K) with disjoint supports, one can 
define K2{x,y) = K2{x,y)Ti and write 

{Tfi (8) f2,gi ®g2) = jj g2{x){K2{x,y)fi,gi)f2{y)dxdy. 

The class of singular integral operators introduced by Journe is the collection of operators T 
which is a continuous linear mapping from C^(M) ® C^(M) to its dual [C^(M) (g) C^(M)]'. 
Moreover, there exists a pair {Ki,K2) of classical kernels such that for all f,g,h,k G Co°(M), 
with supp /n supp 5 = 0, 

{Tf<S)h,g(S)k)= jj g{x){Ki{x,y)h,k)f{y)dxdy, 

{Th0f,k0g)= jj g{x){K2{x,y)h,k)f{y)dxdy. 

Journe found that the classical Tl theorem doesn't work for such a class of operators. Indeed, 
by constructing an operator, he shows that Tl and T*l have to be taken into account in order 
to obtain the boundedness of T, where T is called the partial adjoint operator of T defined 

by 

{Tf®h,g®k) = {Tg®hJ®k). 

Note that, in general, the boundedness of T cannot imply the boundedness of T. Finally, 
Journe proved the product Tl theorem which asserts that under some regularity conditions, the 
operator T belonging to Journe class and its partial adjoint T both are bounded on L^(M x M) 
if and only if Tl, r*l, f 1, f *1 lie on the product BMO{R x M), where BMO{R x M) was 
introduced in [CF] in terms of the Carleson measure on M x M. 

To study fundamental solutions of on certain model domains in several complex vari- 
ables, Nagel and Stein established L^-boundcdness for a class of product singular integral 
operators on spaces M = Mi x • • • x M„, where each factor space Mj, 1 < i < n, is a smooth 
manifold on which the basic geometry is given by a control, or Carnot-Caratheodory, metric 
induced by a collection of vector fields of finite type. It was pointed out in [NS04] that any 
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analysis of product singular integrals on a product space M = Mi x • • • x M„ must be based 
on a formulation of standard singular integrals on each factor Mi,l < i < n. There are two 

paths to do that. One is to generalize the class of operators on each factor Mi, 1 < i < n, to 
the extended class of the Tl theorem of David and Journc [DJ] and then pass from this to a 
corresponding product theory. This, as mentioned above, was carried out in [J] for the set- 
ting where each factor is an Euclidean space. However, because of the inherent complications, 
Nagel and Stein chose a simpler approach. More precisely, they considered the class of singular 
integrals of NIS type, that is, non-isotropic smoothing operators of order 0. These operators 
may be viewed as Calderon-Zygmund operators whose kernels are C°° away from the diagonal 
and its cancellation conditions are given by their action on smooth bump functions. These 
cancellation conditions make the operators on each Mi, 1 < i < n, easy to handle and then 
this carried out to the product-type operators on M. The key to the proof of the bound- 
edness for these operators is the existence of a Littlewood-Paley theory on M, which itself 
is a consequence of the corresponding theory on each factor. We would like to remark that 
the cancellation conditions used in [NS04] are simple but less the generality in scope. More 
precisely, these cancellation conditions imply Tl,r*l G BMO{Mi) on each Mj, 1 < i < n, and 
ri,T*l,f l,f*l G BMO{M) on M, respectively. To see this, recently in [HLL2] the Hardy 
space theory was established in the setting of product spaces of homogeneous type in sense of 
Coifman and Weiss [CW] which covers the product Carnot-Carathcodory spaces. This the- 
ory includes the boundedness for operators studied in [NS04] and the product CMO^(M) 
space, which is the dual space of HP{M), particularly, CMO'^{M) = BMO{M) is the dual of 
H^{M). We point out that the HP{M) boundedness of operators studied by Nagel and Stein 
was proved in [HLL2] in terms of the cancellation conditions used in [NS04]. Moreover, a very 
general result proved in [HLL2] states that both the L^(M) and H^{M) boundedness imply 
the H^{M) —7- L^{M) boundedness without using atomic decomposition and Journe's covering 
lemma. Thus, if T is the operator studied by Nagel and Stein then T is bounded on both 
L'^{M) and W\M), and hence T is also bounded from H^{M) to L^{M). From this together 
with the duality, T is bounded from L'^(m) to BMO{M). 

As mentioned, since the Hardy space HP{M) and its dual space CM0P{M) have been 
developed in [HLL2], particularly, the dual of H^(M) is the space CM0^(M) = BM0(M), 
it is natural to consider the Tl theorem on the product Carnot-Caratheodory spaces M. The 
purpose of this paper is to prove such a product Tl theorem for a class of product singular 
integral operators whose kernels satisfy the weaker regularity properties. This class covers 
Journe's class when each factor is an Euclidean space and operators studied in [NS04]. The 
product Tl theorem proved in this paper asserts that an operator T and its partial adjoint 
operator f are both bounded on if and only if Tl , T* 1 , f 1 , f * 1 lie on the product BMO (M) , 
where BMO{M), as mentioned, was introduced in [HLL2]. 

To show the necessary conditions that the boundedness of T implies that Tl and T*l 
lie on the product BMO{M), we will employ an approach which is different from one given by 
Journe [J]. Journe obtained this implication by showing that the L^(M) boundedness implies 
the L°°(M) —7- BMO{M) boundedness. For this purpose, he established a fundamental geo- 
metric covering lemma. As a consequence of this implication, together with an interpolation 
theorem and the duality argument, Journe proved that the L^(M) boundedness implies the 
LP(M), 1 < p < oo, boundedness. In this paper, we will prove this implication by use of the 
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Hardy space theory developed in [HLL2]. More precisely, we will show that the Lp'{M) bound- 
edness implies the H^{M) L^{M) boundedness. We would like to point out that under the 
cancellation conditions used by Nagel and Stein, the H^{M) — t- L^(M) boundedness was ob- 
tained in [HLL2] . However, the method used in [HLL2] does not work for the present situation. 
Indeed, to get the H^{M) L^{M) boundedness in [HLL2], they show the H^{M) bounded- 
ness first. This is why the cancellation conditions of Nagel and Stein were needed in [HLL2]. 
In this paper, to show that the L^(M) boundedness implies the H^{M) — > L}{M) bounded- 
ness without assuming any cancellation conditions, we will apply an atomic decomposition for 
HP{M). For this purpose, we first establish Journe-type covering lemma in our setting. Apply- 
ing an atomic decomposition and a similar idea as in [F], we conclude that L^(M) boundedness 
implies the H^{M) — t- IJ'{M) boundedness. And, particularly, H^{M) — t- L^{M) boundedness 
follows. From this together with the duality between H^{M) and BMO{M) we obtain the 
L°°(M) — )■ BMO{M) boundedness and hence the desired necessary conditions follow. By an 
interpolation theorem proved in [HLL2], we also conclude that the L^(M) boundedness implies 
the LP, 1 < p < oo, boundedness. 

In [J] the proof of the sufficient conditions for the classical product Tl theorem was 
decomposed in three steps. In the first step, Journe claimed that if T satisfies Ti(l) = T*(l) = 
0, sec definition for Ti(l) = and T2{1) = in Subsection 3.1, and has the weak boundedness 
property, then it can be viewed as a classical vector valued singular integral operator, T acting 
on C^(M) X H, where H = L'^(R,dx2), and for which f (1) = f*(l) = 0. The proof of the 
L^-boundedness of such an operator follows from the classical case. 

The second step is the decomposition of an operator T having the weak boundedness 
property, such that r(l) = r*(l) = f (1) = T*{1) = as the sum of two operators S andT-S 
having the weak boundedness property and such that 52(1) = 'S'2(l) = and (T — 5)1(1) = 

{T-S)1{1) = 0. The L2 boundedness of T is then a consequence of the first step. To construct 

00 

the operator S, let P G BMO{R) and let f/^ be defined by {g, Upf) = JHQtg), {Qtl3){Ptf))f- 



It is classical that this integral is absolutely convergent and that Uj3 is a Carderon-Zygmund 
operator. Moreover, U^{1) = /5 and C/*(l) = 0. Now let T(l) = r*(l) = f (1) = r*(l) = 0. 
Journe defined the operator N as follows. For all /i,/2, 51,52 £ C'o°(l^) 

(51 <^ 92,Nfi (g) /2) = {gi, t^{(g2,T2/2>(l)}/l)- 

The operator M, similar to N, is defined by 

(51 «> 52, M/i (g) /2) = (5l> ^{%2,T2/2>*(1)}'^1^- 

Now set S = M + N so that 5*2(1) = S|(l) = and (T - S)i{l) = (T - S)1{1) = 0. 

The last step is, as in the classical case, to construct the para-product operators. To see 
this step, let b G BMO(R x M) and let the para-product operator Wb : C^(M) (g) C^(M) 
[C^iR) ® C^i^)]' be defined by 

{fi ^ /2, Wbgi 52) = / / {QtJi ^ Qtj2, {QtM)Pt,gi Pt,g2)-r^-r^. 

Jo Jo *1 *2 

Then we have that W^l = b, W^l = W^l = W^l = 0. If set S = T -Wn-W^.^-Wf^-Wi^^, 
then 5(1) = S*{1) = 5(1) = 5*(1) = 0. Moreover, ah para-product operators Wb, W^, Wb and 
are in Journe's class and bounded on L^(M x M). 
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We would like to point out that it seems that in the second step above, the construction 
and the proof of the L^(M x M) boundedness of S both only work for functions having the 
form f{x,y) = fi{x)f2{y), where /i,/2 G C^(M). See the details on the page 76-78 in [J]. 
Unfortunately, such a collection of functions with the form f{x, y) = fi{x)f2{y) is not dense in 
L2(M X M). 

In this paper, we will develop a new approach to prove the sufHcient conditions for the 
Tl theorem on the product space M = Mi x M2. To describe the novelty of this approach 
more carefully, we first outline a new proof for the classical Tl theorem on Mi. In the classical 
one parameter case, the Tl theorem was proved by two steps in [DJ]. In the first step, one 
observes that if T satisfies T(l) = T*(l) = and has the weak boundedness property, then 
the almost orthogonality argument together with the Littlcwood-Palcy estimate on gives 
the boundedness of T. We emphasize that the conditions T(l) = T*(l) = play a crucial 
role for applying the almost orthogonality argument. In the second step, one can write T = 
[T — Uti — n^tj^] + Ilri + n^.^, where for a BMO function b, Uf, is the para-product operator 
defined in [D J] . It was known that the para-product is a Calderon-Zygmund singular integral 
operator and bounded on L^, and the operator T — Uti — H^*! ^YP^ studied in the 

first step. So T is bounded on L^. 

Now we give a new approach for the Tl theorem on Mi. Roughly speaking, we put these 
two steps together. More precisely, by the following Calderon's identity on Mi 

00 ^ 
f{x)= J2 DkDkimx), 

fe=— 00 

where and Dk were given in [HLL2, Theorem 2.7] on Mi, for test functions f,g & 

o 

G'diPi,'yi){Mi) with compact supports we consider the following bilinear form 

{g,Tf) = {J2 DjDj{9),T J2 DkDkif)) 

j=—<X) fc=— 00 

= Y.^Dj{g),D^TDkDu{f)), 

where, by the construction in [HLL2], we may assume that D* = Dj. 

As mentioned above, if T is a singular integral operator defined on Mi having the weak 
boundedness property and r(l) = r*(l) = 0, then DjTDk(x,y), the kernel of the operator 
DjTDk, satisfies the following almost orthogonal estimate 

\DjTDk{x,y)\ = \ J J Dj{x,u)K{u,v)Dk{v,y)dudv\ 



< C2-l^'-'=l"- 



V2-UAk) (x) + V^-u^k) (y) + V{x, y) + d{x, y)Y ' 

This almost orthogonal estimate together with the Littlewood-Paley estimate on implies 
that the bilinear form {g,Tf) is bounded by some constant times 11/112115112 and hence the 
boundedness of T is concluded. However, without assuming T(l) = r*(l) = 0, ii j < k one 
still has the following almost orthogonal estimate 



'// 



[Dj{x,u) - Dj{x,y)]K{u,v)Dk{v,y)dudv\ 
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^2-, (x) + (y) + F(x, y) (2-i + d(a;, y)Y 

Similarly, for k < j, 



\ JJ Dj{x,u)K{u,v)[Dk{v,y) - Dkix,y)]dudv\ 



)— fee 



V^-k{x) + V^-k{y) + V{x,y) (2"'= + d{x,y)y 
This leads to the following decomposition: 

{g,Tf) = Y, j £>ji9){x) JJ[Dj{x,u) - Dj{x,y)]K{u,v)Dkiv,y)dudvDk{f){y)dydx 

j<k 

+ / ^ji9)ix) // Dj{x,u)K{u,v)[Dk{v,y) - Dk{x,y)]dudvbk{f){y)dydx 
k<j 

+ / ^ji9)ix) // Dj{x,y)K{u,v)Dk{v,y)dudvDk{f){y)dydx 
j<k 

+ ^ J ^j{9){x) JJ Dj{x,u)K{u,v)Dk{x,y)dudvDk{f){y)dydx. 
k<j 

The almost orthogonal estimates, as mentioned above, together with the Littlewood-Paley 
estimate on imply that the first two series are bounded by some constant C times ||/||2||fl'||2- 
The last two series are also bounded by C||/||2||5'||2- To see this, we only consider the third 
series and rewrite it as 

X] / ^j(9){x) JJ Dj{x,y)K{u,v)Dk{v,y)dudvDk{f){y)dydx 



j<k 



k 

< ^ 



Sk (g) {y)Dk (T* l){y)Dk{f) {y)dy, 



where Sk = ^j^j- The Carleson measure estimate together Littlewood-Paley estimate 
j<k 

yields 

"T.^k {9) {y)Dk {T*l){y)bk{f) {y)dy | 

k 

{ / Y.\Sk{9){y)?\Dk{T*l){y)\^dyY[ J Y,\^k{f){y)?dyY 
k k 

<C\\f\\2\\9h. 

This new approach can be carried out to the product case. Indeed, the following discrete 
Calderon's identity on the product M was proved in [HLL2, Theorem 2.9]. 

00 00 ^ ^ 

f{xi,X2)= X X XX/xi(7i)/X2(/2)-Dfei(a;i,X7i)Djfc2(a;2,x/2)5fe^5fe2(/)(x7i,X72), 

o 

for test functions f,g e G^i.^al/^i) ^2; 71; 72)- 
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We consider the following bilinear form 

k[ l[ '^i ^1 k'2 4 '^^ 

^ ^k'^ (9) (a^/J , Xj>^ -Dfe^ , TDk^ Dk^ ) (x^/ , x^/ , xi-, , xj^ )Dk^ Dk^ (/) {xi^ , xj^ ) 

o 

for test functions f,g €: 0^1,^2(^1^ (^2', 7i,'~f2) with compact supports. 

Note that instead using continuous Calderon's identity as for the classical case we would 
like to use the discrete Calderon's identity because this will be convenient for us to deal with 
the Tl theorem on the Hardy space HP{M) and space CMO^{M). We would also like to point 
out that in this bilinear form the operator T does not act on the function / rather on the 
separate form Dj^^Dj^^. Indeed, one can write 

(D^, D^,^ , TDk, Dk, > = , (D^, , Ki (xi , yi)Dk,)Dk, > 
= {D^'^, {D^'^ , K2 {X2 , y2)Dk, )Dk,). 

This fact will be crucial for this new approach. 

Similar to the decomposition as given above for one parameter case, if k'l > k\ and 
^2 > ^2, one can write 

(-Dfc; Dy^ TDk^ Dk2){xj>^,Xj,^, , xi^ ) 

= J Df,>^{Xj>^,Ui)Dy^{Xj,^,U2)K{ui,U2,Vi,V2)[Dki{vi,Xl^) - L>fc,(Xj/,X/J] 

x[Dk2{v2,xi2) - Dk2{xjr^,xi2)]duidu2dvidv2 
+ J Dy^ (x^/ , lLl)Dy^ (x^/ , U2)K{ui,U2,Vi,V2)Dki (x^/ , Xl^)Dk^ {v2, Xi2)du]_du2dvidv2 

+ I Dy {xj, , ui)Dy {xj, , U2)K{ui,U2,vi,V2)Dk^ {vi,xi^)Dk2{x f , Xi2)duidu2dvidv2 

/ 1 ^1 ■= ^2 -'2 

Dy_^ (x^/ , ui)Dy^ {xj>^ ,U2)K{ui,U2,vi, V2)Dki {x , xi^)Dk2 (x^/ , x i2)duidu2dvidv2 
=: I{xji^ , Xj/ , x/j , a;/2 ) + > > > ^/2 ) + > > 5^/2)+ > > ^^h)- 

Then the first term I satisfies the following almost orthogonal estimate 

\I(xf , Xf , X/i , X/JI < C2^k,-k[)e2{k2-k'2)e 
1 2 

1 2-^1^ 



V2-H (xj/ ) + V2-H (xh ) + , XI, ) (2-fci + di (xj/ , xi,)y 

1 2-''2£ 



^2-'=2(a;j^) + V'2-fc2(a;72) + ^(a^/^aj/J (2 k2 + d2{xj'^,xi2)Y' 
To deal with term II, we first rewrite it as 

// = y Dy^{Xj^,U2), {Dy^,K2{u2, ?;2)(1))£>A;2 (1^2, X/^ )ci?;2<in2L>fei (x^^ X/ J 

= ^^(a^7^^^2),(-Dfej,K2(u2,V2)(l))[-Dfe2(^^2,2;/2) - A2(a;/^a;j2)]dv^ (x^/ , x/ J 
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-IV. 

Note that for each fixed (^2, ^2), -^^2(^2, ^^2)(1) is a BMO function on Mi since K2{u2,V2) is 
a Calderon-Zygmund operator on Mi and thus, \{D^i^, K2{u2-,V2){1))\'^ is a Carleson measure 
on Ml X {fc'i}. Moreover, (D;,/ ,K2('U2,t'2)(l)) is a singular integral kernel on M2. Therefore, 
applying the almost orthogonal estimate on M2 yields 



j -^fei(a^7^'"2), (£>jkj,ii'2('"2,'y2)(l))[£>ifc2(l'2,a;72) " Dk^{x ji^,Xl^)]dV2dU', 

1 2-'=2£ 



CM(Mix{k[} 



where, as mentioned, || • ||cM(Afix{A;'j} means the Carleson measure norm on Mi x {k[}. 

Term /// satisfies the same estimate with interchanging k'^^k'r, x,i x.i and fei , /c2 , xu , xi„ , 
respectively. It is not difficult to see that the last term IV can be written as 

Note that r(l) e BMO(m) and hence ^lliI[)^^2iI'2)\Dk' Dk'T(l)(xf ,Xf)\^ is a Carleson mea- 

12 ^1 ^2 

sure on M X {/c'j^ x /C2}. 

Inserting all these estimates for the terms / — IV into the bilinear form with respect to 
the summation over k'-^ > ki and ^2 > ^2, one can show that it is bounded by C||/||2||5'||2- The 
bilinear forms with respect to the summations over other cases can be handled similarly. See 
more details in Subsection 3.3. 

We remark that term IV is similar to the para-product operator Wf, introduced by Journe 
in [J], as mentioned above. However, the property that for a BMO function b, Wb{l) = 6 in the 
last step and the operator S constructed in the second step in Journe's proof are not required 
in our approach. 

Furthermore, in this paper, we will also show the Tl theorem on HP{M) and CMO^{M), 
respectively. More precisely, if T is bounded on then T is bounded on H'^{M) and 
CMOP{M) ioxp< 1 but pis close to 1, if and only if r*(l) =T2*(1) = and ri(l) = r2(l) = 0, 
respectively. Note that in [J] Journe proved that if T is a convolution operator and bounded on 
L^, then T admits a bounded extension from BMO(M x M) to itself. He mentioned without the 
proof that if T is a Calderon-Zygmund operator and ri(l) = T2(l) = 0, then THi,TH2 and 
TH1H2 arc Cadelron-Zygmund operators, where Hi,H2 and H1H2 are the Hilbert transforms 
and double Hilbert transform. From this together with the characterization of the product 
Z?MO(M X M) in terms of the bi- Hilbert transform, the boundedness of T on BMO{R x M) is 
obtained. In our setting, however, his method is not available. Roughly speaking, the L^(M) 
theory and the duality argument between HP{M) and CM0p{M) will play a crucial role in 
the present proofs. To be More precise, it is known that L^{M) D H'p{M) is dense in HP{M). 
Therefore, to show that Tf is bounded on HP{M) it suffices to consider / G L^{M) Ci HP{M). 
However, this argument for space CM0p{M) is no long true. In this paper, we will show that 
L2(M) n CM0p{M) is dense in the weak topology {RP, CMOP). Applying this result together 
with the duality argument implies that the boundedness of T on CMOP(M) will follow from 
the boundedness of T on HP{M). To see this, assume that the Tl theorem on HP holds and 



10 



Han, Li and Lin 



ri(l) = T2{1) = 0. Suppose that f e L'^ n CMQP and 5 G n HP. Then, by the duality argu- 
ment, \{Tf,g)\ = \{f,T*g)\ < Cy/||cMoHl5l|if^ since (T*)*(l) = ri(l) = = TsCl) = (T*)^(l) 
and thus T* is bounded on HP{M) by the Tl theorem on HP{M). This impHes that {Tf,g) is 
a Uncar functional on the subspace L'^{M) n HP{M) with the norm less than C||/||cmop a-^d 
hence, it can be extended to a linear functional on HP(M) since L'^{M) n HP{M) is dense in 
HP{M). Therefore, by the duality argument, Tf £ CM0p{M). In order to estimate \\Tf\\cMOP, 
by the duality argument again, one can write (T/, g) = {h, g) for all test functions g and some 
h G CMOP{M) with ||^|lc7jvfOp(M) — ^\\f\\cMOp{M)- details of the duality argument 

in [HLL2]. Choosing test functions g as the functions in the definition of CM0P{M), one can 
conclude that WTfW^^oHM) = II^IIcmop(m) thus \\Tf\\^j^o,^^^ < C||/|Icmo.(m)- 

In this paper, we prove the Tl theorem for HP{M) and CM0p{M) as follows. We first 
show that if T is bounded on L^{M) and T*{1) = T*{1) = then T is bounded on HP{M). 
This will be achieved by applying the almost orthogonal argument and atomic decomposition 
established in Subsection 3.2. Applying this result together with the duality argument as 
mentioned above, we prove that if T is bounded on L'^{M) and Ti(l) = T2(l) = then T is 
bounded on CM0'P{M). To show the converse, by choosing special functions, we first prove 
that if T is bounded on CM0p{M) then ri(l) = T2{1) = 0. This result together with the 
duality argument will imply that if T is bounded on HP{M) then T*{1) = T*{1) = 0. 

The paper is organized as follows. In Section 2, we recall notation and some preliminaries 
used in [NS04]. Particularly, we describe the basic geometry of Carnot-Caratheodory space, 
singular integrals studied by Nagcl and Stein and the Littlewood-Paley theory and the LP 
boundedness of singular integrals developed in [NS04]. We also mention, in this section, the 
Hardy space theory on the product Carnot-Caratheodory space established in [HLL2], which 
includes the HP boundedness for operators studied by Nagel and Stein and the duality between 
HP and CMQP, particularly, CMO^ = BMO, the dual of H^. The product Tl and its proof are 
given in Section 3. We first introduced singular integrals on the product Carnot-Caratheodory 
space and state the Tl theorem in Subsection 3.1. In Subsection 3.2, we prove the necessary 
conditions. Journe-type covering lemma and atomic decomposition are provided in Subsections 
3.2.1 and 3.2.2. We prove that if T is bounded on then T extends to a bounded operator from 
HP to LP, L°° to BMO, and from LP to itself in Subsections 3.2.3, 3.2.4 and Subsection 3.2.5, 
respectively. The sufficient conditions of the product Tl theorem are proved in the Subsection 
3.3. In Section 4, we give the Tl-type theorems for HP and CMQP. The statements and the 
proofs are given in Subsection 4.1 and 4.2, respectively. In the last section, we will point out 
that all results and proofs in this paper can be carried out in arbitrarily many parameters. We 
will only state these results and omit the details of the proofs. 



2 Notation and preliminaries 

In this section, we recall the basic geometry of the product Carnot-Caratheodory space and 
state the LP, 1 < p < 00, boundedness of product singular integral operators studied in [NS04]. 
The product Hardy space theory on the Carnot-Caratheodory space developed in [HLL2] will 
be described in the last subsection 
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2.1 Basic geometry of Carnot— Carat heodory space 

In recent years, the optimal estimates were estabhshed for solutions of the Kohn-Laplacian 
for decoupled boundaries in C"+i (See the series of papers |NS01a| . |NS01b| . [NSOi) . [NS06] 1. 
They considered the Kohn-Laplacian on q — forms, □['^^ = = di,d^ + B^db, defined on the 
boundary M = dQ of a smooth pseudo-convex domain 17 C C"^^. They studied the relative 
inverse operator fC and the corresponding Szego projection 5, which satisfy Dfj/C = JCOb = I—S. 
By definition, S is the orthogonal projection on the null-space of 

The model domains we recall here are the decoupled domain Q C C"^^ and its boundary 
M, the related product domain Q and the Shilov boundary M in C^", and the pseudoconvex 
domain in C^, where n > 2. Now we state them as follows. 

A domain J7 C C"^^ and its boundary M are said to be decoupled if there are sub- 
harmonic and non-harmonic polynomials Pj such that 

n 

n = {izi,...,Zn,Zn+i)eC^+' : Q[z„,+l]>^Pj{Zj)}; (2.1) 

n 

M = {(zi,...,z„,z„+i) eC"+i : 9[z„,+i] =^P,-(z,-)}- (2.2) 

i=i 

For each j, the pseudoconvex domain in we consider is as follows. 

% = {{zj,Wj) G : Q[wj] > Pjizj)}; (2.3) 
M, = {iz„w,)GC^: 9K-]=P,(z,)}- (2.4) 
The Cartesian products of these domains and boundaries are 

n = nix ■■■ xn^, (2.5) 

M = Afi X ••• X Mn. (2.6) 

M is the Shilov boundary of 0,. 

One of the typical examples of and M is the Szego upper half space U"" and its boundary 
Heisenberg group H" (to see this, we can take Pj{zj) = \zj\'^). As is known to all, the Szego 
upper half space and its boundary are biholomorphically equivalent to the unit ball B" and 
its boundary Hence we can see that the decoupled domain and boundary are natural 

generalizations of the basic model domains in several complex variables, on which the properties 
of the inverse operator of Kohn-Laplacian and the corresponding Szego projection have been 
studied by Christ, Fefferman, Folland, Kohn, Stein and others, see for example jChr2] . |FoSj . 
[FKj . [K], |NRS W] ■ and the references therein. 

Fix 1 < j < n, let Mj be the hypersurface given in equation (j2.4p . And let M = 
Ml X • • • X Mn be the Shilov boundary, i.e., the Cartesian product as in (j2.6p . 

We first recall the control metric on Mj. Note that we write the complex (0,1) vector 
field Zj = Xj + iXn+j, where {Xj,Xn+j} are real vector fields on Mj. Define the metric dj on 
Mj as follows. If p, g G Mj and 6 > 0, let AC{p,q,6) denote the set of absolutely continuous 
mapping 7 : [0, 1] — Mj such that 7(0) = p and 7(1) = q, and such that for almost all t G [0, 1] 
we have -/'{t) = aj(t)Xj{-j{t)) + an+j{t)Xn+j{-j{t)) with |aj(t)P + |a„+j(t)p < 6'^. Then we 
define 

dj{p, q) = mf{6 > : AC{p, q, 5)^$}. 
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The corresponding nonisotropic ball is 

Bj{p,6) = {q£ Mj : d^{p,q)<5}, 

and \Bj{p,5)\ denotes its volume. Set 

Vj{p,q) = \Bj{p,dj{p,q))\. 

The volume of the ball B{p,6) is essentially a polynomial in 6 with coefficients that 
depend on p. Let T = d/dt so that at each point of Mj the tangent space is spanned by vectors 
{Xj,X„+j,T}. Write the commutator 

[Xj,Xn+j\ = XjT + ttjXj + Qn+jXn+j, (2-7) 

where Xj, aj,an+j € C°°(Mj). If a = (ai, . . . , a^) is a /c-tuple with each aj equal to j or n + j, 
let \a\ = A; and let X° = • • • X^^ denote the corresponding /c*^ order differential operator. 
For A; > 2 set 

|a|<fc-2 

where \j is defined as in (12. 7|) . and set 

K,{p,6) = Y,K]{p)\5\\ 

k=2 

Proposition 2.1 ( |NS06] ). There are constants Ci, C2 depending only on mj so that for p G Mj 
and 6 > 0, 

Ci5'^Xj{p,5) < \Bj{p,S)\ < C26^Aj{p,6). 

Also, Vj{p,q) ^ Vj{q,p) « dj{p,q)'^Aj{p,dj{p,q)), where A !^ B means that the ratio A/B is 
bounded above and bounded away from zero. 

There is an alternate description of the balls {Bj{p,5)} and metric dj given in terms of 
explicit inequalities. For z, it; G C let 

T,K.) = 29[f;§w(i^]. 

k=l 

Then, with p = {w, s) E Mj, set 

Bj{p,5) = {{z,t) £ Mj \ \z - w\ < 6 and \t - s + Tj{w,z)\ < Aj{w,6)}. 

Note that there is a unique inverse function fij{p, 6) such that foi 6 > we have Aj{p, fij{p, S)) = 
fij{p, Aj{p,5)) = 5. We have 

k=2 

Proposition 2.2 ( |NS06] ). There are constants Ci, C2 depending only on mj so that for p G Mj 
and 5 > 0, 

Bjip,Ci6)cBjip,6)cBjip,C26). 
Moreover, if {z,t), {w, s) G Mj, 

dj{{z,t), {w, s)) ^ \z -w\ + Hj{w, \t - s - Tj{w, z)\) 
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Now we turn to M = Mi x • • • x M„. Each of the nonisotropic distance dj on Mj can be 
regarded as a function on M which depends only on the variables {zj,tj). In addition, there 
is a nonisotropic metric dj2 on M induced by all real vector fields {Xi, . . . , X2n}- li p,q £ Mj 
and 5 > 0, let AC{p,q,6) denote the set of absolutely continuous mappings 7 : [0, 1] — )■ M 
such that 7(0) = p and 7(1) = q, and such that for almost every t £ [0, 1] we have 7'(t) = 
E?:,a,(t)X,(7(t)) with ZT=i \^M' < Then 

dj2{p,q) = inf{(^ > | AC{p,q,5) / 0}. 

This metric is appropriate for describing the fundamental solution of the operator C = Yl'j=i -^ji 
and it can be explicitly described as follows. Let p = . . . ,Zn,tn) G M. We can assume 

without loss of generality that each manifold Mj is normalized at the origin. We denote the 
origin of M by 0. Then 

n 

dj:{o,p) + f-ijio,\tj\)]. 

The ball centered at of radius 5 is, up to constants, given by 

Bj2iO,6) = {{z,t) G M I \zj\ < 6 and \tj\ < Aj{0,5) for 1 < j < n}. 

We have 

n 

and 

n n n 

\Bj2iO,dj2iz,t))\ « [Y,\zj\+ H{0,\t,\)]'''l[A,{0,[^\z,\+ fijiO,\tj\)]). 
j=i j=i j=i 

When M is compact then one can take any fixed smooth measure on M with strictly 
positive density. In the unbounded case one takes Lebesgue measure and denote the measure 
of a set E by \E\. The bah is defined by B{x,5) = {y e M,d{x,y) < 6}, with < 5 < 1 in 
the compact case, and < (5 < 00 in the unbounded case and the volume function is defined 
by V{x,y) = \B{x,d{x,y))\. The key geometric facts used in [NS04] is that the volumes of the 
balls B(x,5) are essentially polynomials in 6 with coefficients that depend on x and satisfy the 
doubling property(see [49] for the details) 

\B{x,26)\ < C\B{x,5)\ for ah 6>0 and some constant C (2.8) 

and, moreover, in the unbounded case, for s > 1, 

\B{x,s6)\^s"'+^\B{x,S)\ (2.9) 

and 

\B{x,s6)\>s'^\B{x,6)\. (2.10) 

We point out that the doubling condition ()2.8p implies that there exist positive constants C 
and Q such that for all x G M and A > 1, 



B{x,Xr)\ < CX^\B{x,r)\. 



(2.11) 
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2.2 Singular integrals on Carnot— Cairatheodory space 

To state the singular integral operators on M studied in [NS04], we first recall that cp is a bump 
function associated to a ball B{xo,r) if ip is supported in this ball and satisfies the differential 
inequalities \d^(p\ < r~" for all monomials 5x in Xi , • • • , of degree a and all a > 0. 

Singular integral operators T considered in [NS04] are initially given as mappings from 
C^{M) to C°^(M) with a distribution kernel K{x,y) which is C°° away from the diagonal of 
M X M, and the following properties are satisfied: 

(I-l) If G Cq'{M) have disjoint supports, then 

{T(p,ip) = I K{x,y)ip{y)ip{x)dydx. 

JMxM 

(1-2) If is a normalized bump function associated to a ball of radius r, then |0^r(/:3| < r~" 
for each integer a > 0. 

(1-3) If X / y, then for every integer a > 0, 

\dXYK{x,y)\ <d{x,y)-'^V{x,y)-\ 

(1-4) Properties (I-l) through (1-3) also hold with x and y interchanged. That is, these prop- 
erties also hold for the adjoint operator T* defined by 

Now we turn to the product case with two factors. Here the operator T is initially defined 
from C^iM) to C°°(M), where M = Mi x M2. K{xi,yi,X2,y2), the distribution kernel of T, 
is an function away from the "eross"= {(x,y) : Xi = yi and X2 = 2/2! x = {xi,X2),y = 
(yi7y2)} and satisfies the following additional properties: 

(II-l) {T{ipi ®ip2),ipi (8) V'2) = J K{xi,yi,X2,y2)<Pi{yi)<P2iy2)'(pi{xi)ip2{x2)dydx 

G Co°(Mi) and have disjoint support, 
¥'2, ■02 € C'o°(-^2) and have disjoint support. 



whenever < 



(II-2) For each bump function ip2 on M2 and each X2 £ M2, there exists a singular integral 
operator T'^^'^^ (of one parameter) on Mi, so that 

(r(^l®^2),V'l<8^2> = [ (T'^^'^Vl,Vl>V'2(a;2)dX2. 

Moreover, X2 1— T'^^'^^ is smooth and uniform in the sense that T'^^'^'^, as well as 
ph^X'z^'^'^^'^^) -^^ > 0, satisfy the conditions (I-l) to (1-4) uniformly. 

(II-3) If ^pi is a bump function on a ball B^{ri) in Mj, then for all integers 01,02 > 0, 



|o^\a«^^r(<^i®<^2)|<rrV; 



02 
2 • 



In (II-2) and (II-3), both inequalities are taken in the sense of (1-2) whenever ip2 is a 
bump function for B'^(r2) in M2. 
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(n-4) \d'^l^y^d^l^yK{x,,yr,x,,y,)\ < for all integers a,,a, > 0. 

(II-5) The same conditions hold when the index 1 and 2 are interchanged, that is, whenever 
the roles of Mi and M2 are interchanged. 

(II-6) The same properties are assumed to hold for the 3 "transposes" of T, i.e. those opera- 
tors which arise by interchanging xi and yi, or interchanging X2 and y2, or doing both 
interchanges. 

As mentioned in Section 1, we would like to point out that in the cancellation conditions (I- 
2) and (11-2), one can take < a, ai,a2 < 1. However, even for such choices, these cancellation 
conditions are still little bit strong. See the remark after Theorem 2.18 in Subsection 2.4. To 
show the LP boundedness for such operators, the key idea is to use the Littlewood-Paley theory 
developed in [NS04]. 

2.3 Littlewood— Paley theory and the boundedness of singular integrals 

To construct the Littlewood-^Paley square function, in [NS04] the authors considered the sub- 
Laplacian £ on M in self-adjoint form, given by 

k 

Here {X*if,ip) = (ipjXjtp), where {(p,'4') = / fix)ip{x)dfi{x), and (p,ip £ C^{M), the space of 

M 

C°° functions on M with compact support. In general, X* = — Xj + aj, where aj G C°°{M). 
The solution of the following initial value problem for the heat equation, 

du 

— (x,s) + Lxu[x,s) = 

with m(j;,0) = /(x), is given by u{x,s) = Hs{f){x), where Hs is the operator given via the 
spectral theorem by Hg = e~*^, and an appropriate self-adjoint extension of the non- negative 
operator C initially defined on C^{M). And they proved that for / G L'^{X), 

Hs{f){x)= [ H{s,x,y)f{y)dfi{y). 

Moreover, H{s,x,y) has some nice properties (see Proposition 2.3.1 in [NS04] and Theorem 
2.3.1 in [NSOla] ). We restate them as follows: 

(1) H{s,x,y) £ C°°([0,oo) X M x M\{s = and x = y}). 

(2) For every integer > 0, 

\didkd^H{s,x,y)\ 

< 1 1 ^ ^ \ 2 



{d{x,y) + V{x,y) + y^(x) + V^M \d{x,y) + 
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(3) For each integer L > there exist an integer Nl and a constant so that if 93 G 
C^(S(xo,(5)), then for ah s G (0,oo), 

\J\<Nl 

(4) For all G (0,oo) x M x M, 

H{s,x,y)>Q. 

(5) For ah (s,x) G (0,oo) x M, / H{s,x,y)dy = 1. 

(6) For 1 < 00, ||i/,[/]||iP(M) < ||/||lp(m)- 

(7) For every ip G C^{M) and every t > 0, lim — '■pWt = 0, where || • ||t denotes the 
Sobolev norm. 

To introduce the reproducing identity and the Littlewood-Paley square function, they 
define a bounded operator Qs = 2s-g^, s > 0, on L'^{M). Denote by qs{x,y) the kernel of 
Qs- Then from the estimates of H{s,x,y), we have 

(a) qs{x,y) G C-(M x M\{x = y}). 

(b) For every integer > 0, 

AT 

\dkd^<ls{x,y)\< ^ 1 f VS 



{d{x,y) + V{x,y) + V^,{x) + V^,{y) Uix,y) + 

(c) f qs{x,y)dy = f qs{x,y)dx = 0. 

The reproducing identity was established via the operators {Qs}s>o, which plays an im- 
portant role in Littlewood-Paley theory and boundedness of singular integral operators. We 
state it as follows. 

Proposition 2.3 ([NS04])- Let Ql = Qs-Qs- For f G L^iM), 

^Q's[f]- = f, (2.12) 
s 



The Littlewood-Paley square function S{f) is defined by 



where the integral on the left is defined as lini with the limit taken in the norm. 



poo J 

{S[f]{x))'= / |Q,[/](x)|2-, 
Jo "S 

and we have 

Proposition 2.4 ([NSOlj). For l<p< 00, ||5[/]|Up(m) ~ ||/||lp(m)- 
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We now consider that M = Mi x M2, where each Mj is as in Subsection 2.1. For each 
Mj, we have a heat operator i?*., and a corresponding Q\_. If / is a function on M we define 
Q\i ' Q's2if) — Qsi ^ Q'iiif)^ '^^^'^ acting on the Mi variable and acting on the M2 
variable, respectively. The product square function S is then given by 

{S{f){x,y))' = r r\Ql,-Ql{mx,y)\'^^, 
Jo Jo ^1^2 

and, as showed in |NS04j . we have 

Proposition 2.5 ([NSOiJ). For l<p< 00, \\S{f)\\^,^j^^ « II/IIlp(m)- 

The following L^, 1 < p < 00, boundedness for the product singular integral operator was 
obtained in jNS04| . 

Theorem 2.6 ( |NS04] ). For 1 < p < 00, each product singular integral satisfying conditions 
(II-l) to (11-6) extends to he a bounded operator on LP{M). 

We would like to point again that the cancellation conditions in (II-2) plays a key role in 
the proof of the above theorem. 

2.4 Hardy space theory on product Carnot— Caratheodory spaces 

In this subsection, we describe the product Hardy space theory on M, where M = Mi x M2 is 
a product homogeneous type spaces in the sense of Coifman and Weiss [CW]. See [HLL2] for 
more details. This theory includes the boundedness for operators studied in [NS04] and 
the space CMOp{M), the dual of HP{M), in particular, CMO\M) = BMO{M), the dual of 
H\M). 

We begin with recalling some necessary results on one-parameter setting. Here we denote 
by M a homogeneous type spaces in the sense of Coifman and Weiss [CW]. We first recall the 
definition of an approximation to the identity, which plays the same role as the heat kernel 
H{s,x,y) does in [NS04]. 

Definition 2.7 ( |HMYlj ). Let be the regularity exponent of M. A sequence {Sk}kez of 
operators is said to be an approximation to the identity if there exists constant Cq > such 
that for all k G Z and all x,x',y and y' G M, Sk{x,y), the kernel of Sk satisfy the following 
conditions: 

(i) 5fc(x,y) = 0if rf(x,j/)>Co2-^and|5fc(rc,y)| <Co ^ ; (2.13) 

V2-k{x) + V2-k{y) 

(ii) \Skix,y) - Sk{x',y)\ < Co2^'^d(x, x')^-— ^-^^-r^^; (2.14) 

V2-k [X) -f- v2-k yy) 

{Hi) Property {ii) also holds with x and y interchanged; (2-15) 
{iv) \[Sk{x,y) - Sk{x,y )]-[Sk{x\y) - Sk{x\y)]\ (2.16) 

<Co2"^'>d{x,xrd{y,yr ^ 



V2-k{x) + V2-k{vy 

Sk{x,y)dii{y) = J Sk{x,y)dn{x) = 1. (2.17) 

M M 
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We remark that the existence of such an approximation to the identity foUows from 
Coifman's construction which was first appeared in [DJS] on space of homogeneous type. See 
also [HMY2] for more details on M. 

To define the Littlewood-Paley square function, we also need to recall the spaces of test 
functions and distributions on M. 

Definition 2.8 f |HMYl] ). Let -d be the regularity exponent of M and let < 7, /3 < i?, xq G M 
and r > 0. A function / defined on M is said to be a test function of type (xq, r, /3, 7) centered 
at xq if / satisfies the following conditions 

(i) l/WI < C 1 



Vr{xo) + V{x,xo) \r + d{x,xo 

(11) \f(^)- f(y)\^'^{r + ^d{x^xo)) Vr{xo) + V{x,xo){r + d{x,xo)) 
for all x,y ^ M with d{x, y) < jj{r + d{x, xq)). 

If / is a test function of type (xq, r, /3, 7), we write / G G(xo,r, /3, 7) and the norm of 
/ € G(xo,r, /3, 7) is defined by 



lG(xo,r,/3,7) = inf{C > : (i) and (ii) hold}. 

Now fix Xq G M we denote G(/3,7) = G(xo,l,/3,7) and by Go(/3,7) the collection of all test 
functions in G{f3,j) with f{x)dx = 0. It is easy to check that G(xi,r, /3,7) = G{(3,^) with 
equivalent norms for all xi S M and r > 0. Furthermore, it is also easy to see that G(/3,7) is 
a Banach space with respect to the norm in G{(3,j). 

o 

Let G,?(/3,7) be the completion of the space Go{'&,'&) in the norm of G(/3,7) when < 
/3,7 < If / G Gi)W,7), we then define ||/|| o = ||/||g(/3,7)- (G^(/3,7))', the distribution 

o 

space, is defined by the set of all linear functionals L from G^{(i,^) to C with the property 

o 

that there exists C > such that for all / G G^{(3,j), 

Gi){/3,7) 

Let Dk = Sk — Sk-i, where 5*^ is an approximation to the identity on M with the regularity 
exponent "d. The Littlewood-Paley square function is defined as follows. 

Definition 2.9 f |HMYlj l. For each / G (G^i^,'!))' with 0</3,j S{f), the Littlewood- 
Paley square function of /, is defined by 



Sif){x) = {^\D,if){x)\'}K 

k 



We pass the above one parameter case to the product case. We first introduce the space 
of test functions and distributions on M = Mi x M2. 

Definition 2.10 ( |HLL2j ). Let 'di and '!92 be the regularity exponents of Mi and M2, respec- 
tively. Let (x'j',X2) G M, < 71, A < < 72, /32 < '^2 and ri,r2 > 0. A function /(xi,X2) 
defined on M is said to be a test function of type (x^, Xg; n, r2; /32; 7i, 72) if for any fixed 
X2 G M2, /(xi,X2), as a function of the variable xi, is a test function in G(x5, ^i, /3i, 71) on 
Ml. Similarly, for any fixed xi G Mi, /(xi,X2), as a function of the variable of X2, is a test 
function in G(x2, r2, /32, 72) on M2. Moreover, the following conditions are satisfied: 
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(i) ll/(->^2)lb(.o,.„,„,,) < C^^^^^,^ ^ [r, + d,U,x,] 

(ii) \\fi-,X2) - /(•,2;'2)llG(xO,riA,7i) 



72 



< C 



r2 



, 72 



.r2 + d2(4^^ "Mx^yTVM~^v^^^Td^(^^^/ 

for all X2,X2 G M2 with (i2(x2,2;2) < (r2 + (i(x2, X2))/2j4; 

(iii) Properties (i) — (ii) also hold with xi and 2:2 interchanged. 

If / is a test function of type (x^, ri,r2\ /32; Ti, 72), we write / E G(x5, n, r2; /32; 
7i) 72) and the norm of / is defined by 

ll/llG(x0,x0;ri,r2;/3i,/32;7i,72) = • (^)' (^^) ^nd {Hi) hold}. 

Similarly, we denote by G(/3i,/32;7i,72) the class of G(x5, 1, 1; /3i , /32; 71; 72) for any fixed 
(x'j',X2) G M. We can check that G(xo, yo; ^'i, ^^2; A, /32; 7i, 72) = ^(/Si, /32; 71, 72) with equiva- 
lent norms for all (xq, yo) £ M and ri, r2 > 0. Furthermore, it is easy to see that /32; 7ii 72) 
is a Banach space with respect to the norm in G(/3i, /32; 71, 72). 

Next we denote by Go , /32 ; 7i 1 72 ) the set of all test functions in /32; 71, 72) satis- 

fying the cancellation conditions on both variables x and y, i.e., if f{x,y) G Go(/3i, /32; 71, 72)) 

o 

then Jj^j^ f{x,y)dx = Jj^^^ f{x,y)dy = 0. Let 1 2 (/^i > ; 71, 72) be the completion of the space 
Go(i9i, ??2; ^1,^2) in G(/3i, /32; 71, 72) with < A, 7^ < i?^, for i = 1, 2. If / G G^,,^2(/5i> /32; 7i, 72), 
we then define = ll/lb(/3./^2m,72)- 

,0 / 

We define the distribution space (Gi9i,i92(/5i5 /?2; 7i) 72)) by all linear functionals L from 

o 

Gi9i,i?2(/5i) /32; 71, 72) to C with the property that there exists G > such that for all / G 

o 

Gi)i,^2(/5i,/?2;7i,72), 

\L{f)\<C\\f\\. 

G^l,i52(Pl'P2;7li72) 

Now the Littlewood-Paley square function on M is defined by 

Definition 2.11 ( |HLL2] ). Let {Sfc.jfc.gz be approximations to the identity on Mj and D^- = 

Sk, - Sk,-i,i = 1,2. For / G (G^i,^2(A, /52; 7i, 72))' with < ft,7i < = 1,2, S{f), the 
Littlewood-Paley square function of /, is defined by 



5(/)(xi,X2) = { E \DkMf){xi,X2)f} 



1/2 

\^k^^k2[f){Xl,X2)\ j 

fcl= — 00 ^2 = — 00 

By the results on each Mj, i = 1,2, and iteration as given in ^FSj . we immediately obtain 
Theorem 2.12 ( [HLL2] ). /// G LP(M), 1< p < 00, i/ien « 



We would like to point out that the following discrete Littlewood-Paley square function is 
more convenient for the study of the Hardy space when p < 1. See [IILL2] for more details. 



20 



Han, Li and Lin 



Definition 2.13. Let {Ski}kiez be approximations to the identity on M, and D^. = Sk^ — 
Sk.-i.i = 1,2. For / G {G^i,^2{Pi-> h]li-,l2)) with < /3i,7i <'di,i = 1,2, Sd{f), the discrete 
Littlewood-Paley square function of /, is defined by 



1/2 

-oo k2=~oo I\ I2 



where for each ki and k2, Ii and I2 range over all the dyadic cubes in Mi and M2 with length 
£(/i) = 2~^^~^^ and £{12) = 2~^'^~^^, respectively and A^i and are fixed positive large 
integers. 

By the Plancherel-Polya inequalities in [HLL2], it was shown that the norm of these 
two kinds of square functions are equivalent. More precisely, we have 

Proposition 2.14 ( |HLL2] ). For all f G (G^Ii,,92(/3i,/?2;7i,72)) with < /3i,7i < and 
for max ( ^^^^^ , ^^^^^ ) < p < oo,i = 1,2, we have ||5(/)||p w where the implicit 

constants are independent of f . 

We are ready to introduce the Hardy spaces on M. 

Definition 2.15 ([HLL2]). Let xnayi{^^, < p < 1 and < 7^ < t?i for z = 1,2. 

HP{M) := {/ G (G^„^2(/3i,/32;7i,72))' : Mf) G L^'(M)} 
and if / G HP{M), the norm of / is defined by = \\Sd{f)\\p. 

The space CM0P{M) is defined as follows. 

Definition 2.16 ( \ELL2\ ). Let max (2^Si_^ _^2_) < p < 1 and < A, 7^ < i9i for 
i = 1,2. Let {Sfc.jfc.gz be approximations to the identity on Mj and for ki G Z, set Z?fc- = 
Ski ~ Ski~i, i = 1)2. The generalized Carleson measure space CMO^{M) is defined, for 

O f 

f G (Gi^i,i?2(/3i,/52;7i,72)) , by 



CMOP{M) 

1 



(2.18) 

supl -2— r / yZ yZ \DkiDk2{f){xi,X2)fxh{xi)xi2{x2)dxidx2\ < 00, 



' ki,k2 IiXl2Cn 



where il. are taken over all open sets in M with finite measures and for each ki and /c2, /i,/2 
range over all the dyadic cubes in Mi and M2 with length = 2~^^~^^ and ^{h) = 2~^'^~^^, 
respectively. 

The main results in [HLL2] are the following 

Theorem 2.17 ( jHLL2j ). Each singular integral T satisfying (II-l) through (II-6) extends to 
a hounded operator on HP{M), and from HP{M) to LP{M) for max (g^^, q^^^ ) < p < 00. 
Moreover, T extends to a bounded operator on BMO(M). 
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Theorem 2.18 f |HLL2j ). For max (2^^, 2Q^) < P < 1^ (H^iM))' = CM0P{M). More 

o 

precisely, for g G CMO'p{M) then £g{f) = {f,g), initially defined on Gi9i,i92(/5i) /52; Ti, 72) 
for < /3j,7i < -di for i = 1,2, is a continuous linear functional on HP{M) with the norm 
\\£g\\ ^ C'llffllcAfOf - Conversely, ifi is a continuous linear functional onHP{M) then there exists 
a g G CMOP{M), such that l{f) = {f,g) for f eh,,^,{pi,h;ii,l2) with \\g\\cMOv < C\\£\\. 
In particular, {H^{M))' = CMO^{M) = BMO{M). 

We remark that the spaces HP{M) and CMOp(m) defined in Definitions [O] and [Qj 
respectively, are independent of the choices of the approximations to the identity. Moreover, 
the cancellation conditions in (II-2) are crucial in the proof of Theorems 12.171 and 12.181 

3 Tl theorem on product Carnot— Caratheodory spaces 

In this section, we first introduce a class of singular integral operators on product Carnot- 
Caratheodory spaces. As mentioned, this class includes Journe's class on product Euclidean 
spaces and operators studied in [NS04]. We then prove the product Tl theorem on product 
Carnot-Caratheodory spaces, the main result of this paper. 

3.1 Singular integrals on product Carnot— Caratheodory spaces 

Suppose that Mi and M2 are Carnot-Caratheodory spaces and M = Mi x M2 is the product 
Carnot-Caratheodory space. Let C^(Mi) denote the space of continuous functions / with 
compact support such that 

11,11 l/(x)-/(y)| , 

ll/llr,(MO := sup < 00 

and Cq{M2) is defined similarly. 

Now let C^{M),r] > 0, denote the space of continuous functions / with compact support 
such that 

ii.ii \f{xi,x2) - f{yi,X2) - f{xi,y2) + f{yi,y2)\ ^ 

J „ := sup — r — r < 00. 

xi/?;i,x2^j/2 di{xi,yi)'id2{x2,y2r 

We first consider one factor case. A continuous function K{xi,yi) defined on Mi\{{xi,yi) : 
xi = yi} is called a Calderon-Zygmund kernel if there exist constant C > and a regularity 
exponent e E (0, 1] such that 

(a) \K{xi,yi)\<CV{xi,yi)-^; 

(6) \K{xi,yi) - K{xi,y'i)\ < C&^^yV{xi,yi)-^ if di{yi,y[) < yi)/2^; 

^di{xi,yi)' 

(c) - K{x'i,yi)\ < C(^4^1^) if di{xi,x'i) < di(xi,yi)/2A 

The smallest such constant C is denoted by \K\cz- We say that an operator T is a 
Calderon-Zygmund singular integral operator associated with a Calderon-Zygmund kernel K 
if the operator T is a continuous linear operator from Cq (Mi) into its dual such that 



{Tf,g)= // g{xi)K{xi,yi)f{yi)dyidxi 
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for all functions f,g E Cq(Mi) with disjoint supports. T is said to be a Calderdn-Zygmund 
operator if it extends to be a bounded operator on L^(Mi). If T is a Calderon-Zygmund operator 
associated with a kernel K, its operator norm is defined by ||T||c^ = ||r||^2^^2 + \K\cz- 

Similarly, we can define the Calderon-Zygmund operator T on M2 associated with a 
Calderon-Zygmund kernel K(x2, y2), whose operator norm is defined by llTHc^ = ||^||l2^l2 + 
\K\cz. 

Now we introduce a class of the product Calderon-Zygmund singular integral operators on 
M. Let T : Cq(M) — >■ [Co°(M)]' be a linear operator defined in the weakest possible sense. T 
is said to be a Calderon-Zygmund singular integral operator if there exists a pair {Ki,K2) of 
Calderon-Zygmund valued operators on M2 and Mi, respectively, such that 

{g®k,Tf ®h) = JJ g{xi){k,Ki{xi,yi)h)f{yi)dxidyi 
for all /, £/ G C^{Mi) and h,k e C^(M2), with supp / n supp 3 = and 

{k®g,Th®f) = JJ gix2){k,K2{x2,y2)h)f{y2)dx2dy2 

for all f,g € Cq{M2) and h,k £ Cq{Mi), with supp / n supp 5 = 0. Moreover, \\Ki{xi,yi)\\cz, 
i = 1, 2, as functions of Xi, yi G Mj, satisfy the following conditions: 



(i) \\Ki{xi,yi)\\cz <CV{xi,yi) ^; 



(ii) \\Kiixi,yi) - Ki{xi,y[)\\cz < C( y^"' if diiyi,y[) < di{xi,yi)/2A- 

O-i \Xi , yi ) 

(Hi) \\Ki(xi,yi) - Ki{x[,yi)\\cz < C( j'^.^" ^0"^ if di{xi,x'j_) < di{xi,yi)/2A. 

"•iyXi, yi) 

We remark, as mentioned, that the above class of the product Calderon-Zygmund singular 
integral operators includes the class of operators introduced by Journe on the Euclidean spaces 
and studied in [NS04]. 

Suppose that T is such a product Calderdn-Zygmund singular integral operator on M. T is 
said to be a product Calderon-Zygmund operator on M if T extends to be a bounded operator 
on L\ _ 

Before stating the Tl theorem on M, we first describe, for one factor case, how a Calderon- 
Zygmund singular integral operator T acts on bounded C^(Mi) functions (denote by C^(Mi)). 
Following [J], for / G C^(Mi), Tf will be defined by a distribution acting on Cqq(Mi), which 
is a sTibspacc of Cq (Mi) of functions g such that J g{x)dx = 0. To do this, let g G Cqq(Mi) 
and h G Cq{Mi) be equal to / on a neighborhood of supp g, so that g and f — h have disjoint 
supports. 

If / has compact support, then 

{g,Tf) = {g,Th) + {g,T{f-h)), 

and 

(5,r(/ -h)) = JJ g{x)K{xi,yi)[fiyi) - h{yi)]dxidyi, 
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because g and f — h have disjoint supports. Since g has cancellation, the second equality above 
is also equal to 

jj 9{xi)[K{xi,yi) - K{xQ,yi)][f{yi) - h{yi)]dxidyi, 

where xq is any point in the support of g. Note that this integral is, by the regularity on the 

kernel K, absolutely convergent even if (/ — h) has non-compact support, and is independent 
of xq. This integral can therefore serve as a definition of {g,T{f — h)). Obviously {g,Th) + 
{g,T{f — h)) does not depend on the choice of h. Hence we can set 

{g,Tf) = {g,Th) + {g,T{f-h)) 

for / G C^(Mi) and this gives the desired extension. 

In order to state an analogue in the product setting, that is, how a product Calderon- 
Zygmund singular integral operator T acts on bounded C^{M) functions (denote by C^{M)), 
we can first define the operator Ti by the following 

{gi ^ 52, T/i ® /2) = {g2, {gi,Trh)h) 

for /i,<7i G Cj(Mi) and h,g2 G ^^^(Ms). 

Note that when gi G Co'o(Afi) and /i G C^(Mi), (c/i, Ti/i) is well defined. More- 
over, {gi,Tifi) is a Calderon-Zygmund singular integral operator on M2 with a Calderon- 
Zygmund kernel (51, Ti/i)(a;2, 2/2) = (51, ^2(2:2, y2)/i)- Therefore, for 52 € (^00(^2) and /2 G 
C;^{M2), {g2, {9i,Tifi)f2) is well defined. One defines (51,12/1) similarly for gi G C^o(^i) and 
fi G (7^ (Ml). Using these definitions, we can give a meaning of the notation Tl = 0. More 
precisely, Tl = means {gi g2,Tl) = for all gi G Cqq(Mi) and g2 G Cqq(M2), that is, 

J J g(xi)g{x2)K{xi,X2,yi,y2)dxidx2dyidy2 = 0. 

Similarly, Ti(l) = is equivalent to ((71, (52, ^2/2)1) = for all gi G Cqq(Mi) and /2,52 € 
Cq(M2), that is, for 5^1 G Cqq(Mi),52 G Cqq(M2) and almost everywhere 2/2 G -M2, 

j j g{x^)g{x2)K{ xi,X2,yi,y2)dxidx2dyi =0. 

While Ti*(l) = means (^2,^2/2)*! = in the same conditions. Interchanging the role of 
indices one obtains the meaning of T2(l) = and T2*(l) = 0. 

We also need to introduce the definition of weak boundcdncss property (denote by WBP). 
We begin with the one factor case. Let T be a Calderon-Zygmund singular integral operator on 
Ml and let Am^ {S, x?, ri), 5 G (0, i9i], G Mi and ri > 0, be a set of all / G Cq (Mi) supported 
in B{xi,ri) satisfying ||/||oo < 1 and \\f\\s < r^^- We say that T has the weak boundedness 
property (denote by T G WBP) if there exist < S < -di and a constant C > such that for 
all x1 G Mi,ri > 0, and all 0,V' € ^Mi (<^, 2^1, n), 

\{Tct>,^)\<CVr,{x'i). 

Similarly we can define the set AM2iS,X2,r2),S G (0, 'i?2],a;2 G M2 and the weak bound- 
edness property for a Calderon-Zygmund singular integral operator on M2. 

In the following, we define the weak boundedness property in the product setting. 
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Definition 3.1. Let T be a product Calderon-Zygmund singular integral operator on M. T 
has the WBP if 

\\{T2(t^,^^)\\cz < CVrAxV) for all 4>\^^ G (<5, n), (3.1) 

\\{Ti(t?,^l,^)\\cz<CVr,{xl) forall02,^2 ^ AA/2(5,:E0,r2). (3.2) 
It is easy to see that if T satisfies ()3.ip and ()3.2p , then 

\{T(i^ (^(t?,i)^ < CVr,{x\)Vr^{xl) (3.3) 

for ah G AMi{5,x\,ri) and G ^A/2(<5, 2;°, r2). 

It is easy to see that if T is a product Calderon-Zygmund operator on M, then T has the 
weak boundedness property. 

We are ready to state the Tl theorem, the main result in this paper. 

Theorem A Let T be a product Calderon-Zygmund singular integral operator on M. Then 
T and f are both bounded on L^{M) if and only if Tl, T*l f 1, and (f )*1 lie on BMO(m) 
and T has the weak boundedness property. 

The proof of Theorem A will be given in Subsection 3.2 and 3.3, respectively. 

3.2 Necessary conditions of Tl Theorem 

To show the necessary conditions in Theorem A, we will employ the Hardy space theory on M 
developed in [HLL2]. As mentioned in Section 1, we first show that if T is a Calderon-Zygmund 
operator on M then T extends to a bounded operator from H^{M) to L^{M) for p <1 and is 
close to 1. This, particularly for p = 1, together with the duality {L^,L°°) and {H^ , BMO), 
implies that T is bounded from L°° to BMO. To achieve this goal, the main tool we need is 
an atomic decomposition for H^[M). To this end, as in the classical case, we shall first provide 
Journe-type covering lemma on M, for which we turn to next subsection. 

3.2.1 Journe-type covering lemma 

We first need a result of Christ. 

Theorem 3.2 ( [Chrlj ). Let {M,p,fj,) be a space of homogeneous type, then, there exists a 
collection {I^ C M : A; G Z, a G of open subsets, where is some index set, and Ci, C2 > 0, 
such that 

(i) ^x{M \ I^) = for each fixed k and I^f]I^=ifa^ P; 

(ii) for any a, j3, k, I with I > k, either ij^ C or ij^CUa = 0; 

(iii) for each {k, a) and each I < k there is a unique j3 such that C 

(iv) diam(/^^) < Ci2-*^; 

(v) each contains some ball B{z^,C22^^), where G M. 
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Note that Carnot-Caratheodory spaces are spaces of homogeneous type. Therefore, we 
can think of as being a dyadic cube with diameter rough centered at z^. As a result, we 
consider CI^ to be the cube with the same center as 1^ and diameter Cdiam(/^). To simpUfy 
notations, we wih cah I dyadic cubes and denote the side length of / by 

Let C Mi : ki e Z,Ti e be the same as in Theorem 3.2. We call R = I^l x I^^ 
a dyadic rectangle in M. Let C M be an open set of finite measure and denote 
the family of dyadic rectangles R C 0, which are maximal in the ith. "direction", i = 1,2. 
Also we denote by the set of all maximal dyadic rectangles contained in fi. For the 

sake of simplicity, we denote by i? = Ii x /2 any dyadic rectangles on Mi x M2. Given 
i? = Ii X I2 S Aii{^l), let I2 = hih) be the biggest dyadic cube containing I2 such that 

X T2)nn) > X Is), 

where ^ = ;Ui x /12 is the measure on M. Similarly, Given R = Ii x I2 € A42{^), let Ii = /i(/2) 
be the biggest dyadic cube containing Ii such that 

^l{{h X 12) no) > ^nih X I2). 

For Ii = I^^ C Mi, we denote by {Ii)k, k £ N, any dyadic cube 1^^'' containing 
and (/j)o = Ii, where i = 1,2. Moreover, let w{x) be any increasing function such that 
^°^Q jt(;(Co2~-') < 00, where Co is any given positive constant. In applications, we may take 
w{x) = for any 6 > 0. 

The Journe-type covering lemma on M is the following 

Lemma 3.3. Let 0, be any open subset in M with finite measure. Then there exists a positive 
constant C such that 

^i{RU^^^<Cm (3.4) 

and 



m4^^]<c^,m. (3.5) 



Proof. It suffices to prove (|3.5p since (j3.4p follows similarly. 
Following [P], let = /i X /2 G A^2(0) and for A; G N let 

Ai^^k = u{/2 -.hxhG M2in) and h = {h)k-i} 

where we use (/i)i the denote the father of Ii in the setting of dyadic cubes in Mi. Hence, 
(/i)fe_i means the ancestor of /i at {k — l)-level. We also denote the set 

A(0) = {/i C Ml : dyadic, and 3 a dyadic I2 G M2, s.t. h x I2 £ A^2(0)}. 

We rewrite the left side in (3.5) as 

R=hxi2eM2{n) /^U-'ij /leA(n) k=i h-. h&Ai^^^ /^U-'iJ 
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Note that for z = 1, 2, x G and A > 1, by (2.10) and (2.11), 

X^^^li{B{x,r)) < fi,{B{x,Xr)) < X^^ fii{B{x,r)) 
which imphes that pl^B{^Xr)) — i = 1,2. Thus, for A; € N and Ii = (/i)fc_i, we have 

y: kr)w[^)< y: m(/i)f;MC2--^') y: /^2(/2) 

oo 

< E ^^lih)Y^(C2-^'')^'2{AI,,k), (3.6) 

/leA(Q) k=l 

where we use the fact that ah I2 in Aj-^^k are disjoint since I2 are the maximal dyadic cubes 
and Ii = (/i)fc-i for each fixed k gN. We now estimate /i2(^/i,fc)- For any X2 G Aj-^^j^, by the 
definition of Aj-^^k, there exists some dyadic cube I2 such that Ii x I2 £ Ai2{^), X2 € I2, and 
Ii = (Ii)fc_i for some G N. Thus, by the definition of Ii, /i((Ii)fc_i x /2 nil) > ^/u((/i)a,.-i x/2) 
and fJ-{iIi)k X I2 n il) < i/i((/i)fe X 12). Now set Ei^{n) = U{/2 : /i x /2 C il,}, then from the 
last inequality above, we have 

^i{{h)k X {I2 n %,)J) < \fi{{h)k X /2), 

which implies that /X2(/2 n E^^j^^J < ^^12(12) and hence //2(-^2 n (£'(7^)^)^) > ^fi2{l2), where we 
denote (£(/i)J'' = Ei^\E(^i^)^. This gives 

)M>T., 

and hence A/i,fc C {x2 G M2 : Mhl,2{xEi-^\e^j_^-jJ{x2) > which implies that 

f^2{Ai„k) < ^^2{{x2 G M2 : Mhl,2{xe,^\e^j^J{x2) > ^}) < C/i2(i^/A%i) J' (3-7) 

where we use Mhl.2 to denote the Hardy-Littlewood maximal function on M2. 
Thus, combining the estimates of ()3.6p and ()3.7p . we obtain 



5^ Mi?)z/;(^) <C ^ w(/i)f;^(C2-'^^V(i^/Ai?{/.)J 
Next, we point out that for each /c G N, 

^2(i^/A%i)J < M2(i?/A%i)J + • • • + /^2(ii^(/i).-A%i)J 

E ^2(i?7\i?(7)J, 

I: dyadic, /iC7g(/i)fc, 7x (_E;j.\£;^j-j^ )cn 

where the last inequality follows from the definition of {Ii)k- As a consequence, 

R=hxl2(iM2{n) A^U^IJ 
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oo 



/leA(n) fc=l /. dyadic, /iC/g(7i)fc, Ix{EY\E^j^^)cn 

Now interchanging the order of the sums we can obtain that the above inequaUty is bounded 
by 

fc=l /: dyadic, /x (_Bj\_Ejjj^ )c!ri h: dyadic, /iC/g(/i)fe, ' 

oo k , J 



^==1 I: dyadic, Ix{Ey\E^Y)j^K^ 3='^ h- dyadic, IiCI(^{Ii)j, ^^^^^ 



Note that in the last inequahty above, we have < 2 ■^''i. Hence 

i?,=/ix/2e>!2(n) 



<CYkw{C2-^^') ^il{I)MEJ\E^J^J 

^==1 I: dyadic, Tx{EY\E^Y)-^)'^^^ 

oo 

< CEA:u;(C2-'^i^)/x(n) 
fc=i 

since / x {Ej\E0r^^) are contained in {/ dyadic, I x {Ej\E^j^J C il} and are disjoint. □ 

The proof of Lemma 13.31 is concluded. This covering lemma will be a key tool to obtain 
an atomic decomposition for HP(M), which will be given in next subsection. 

3.2.2 Atomic decomposition 

In this subsection, we will apply Journe-type covering lemma to provide an atomic decompo- 
sition for HP(M). We point out that the atomic decomposition provided in this subsection is 
different from the classical ones. More precisely, we will prove an atomic decomposition for 
L^{M) n HP{M), 1 < q < oo, where the decomposition converges in both L'^{M) and HP{M) 
norms. The convergence in both L^{M) and HP{M) norms will be crucial for proving the 
boundedness for operators from H^{M) to U'{M). 

Suppose that max (g^^, q^^^^ ) < P < 1 and 1 < q < oo. We first define an {p, (;)-atom 
for the Hardy space H'^{M) as follows. 

Definition 3.4. A function a{xi, X2) defined on M is called an [p, q)-aXova. of H^{M) if a(xi, X2) 
satisfies: 

(1) supp a C Jl, where is an open set of M with finite measure; 

(2) \\a\\L. < 
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(3) a can be further decomposed into rectangle (p, g)-atoms aji associated to dyadic rectangle 
R = Ii X I2, satisfying the following 

(i) there exist two constants Ci and C2 such that supp qr C Cili x C2/2; 

(ii) /^^^ 0^(2:1, 2:2)^x1 = for a.e. X2 € M2 and Jj^^ aR{xi,X2)dx2 = for a.e. 

xi G Mi; 

(iii-a) for 2 < g < 00, a = ^ and ( ^ ||aR|||,) < ^(ri)^/?-!/?. 

(iii-b) for 1 < g < 2, a = ^ a/j + o_R, and for some (5 > 0, there exists a 

constant Cg_5 such that 




We remark that when M = M" x M"* an (p, 2)-atom with the conditions (i), (ii) and (iii- 
a){q = 2) was introduced by R. Fefferman [F]. Note that the condition in (iii-b) is new, which 
was appeared in the classical case if the {p, q)-atom. is defined. See [HLZ] for more details. 

The main result in this subsection is the following 

Theorem 3.5. Suppose that ma-x (q^, < p < K g < 00. Then f G L" {M)r\HP {M) 

if and only if f has an atomic decomposition, that is, 

00 

i=—ao 

where Oj are {p,q) atoms, < 00, and the series converges in both HP{M) and L'^(M). 

Moreover, 

i i 

where the infimum is taken over all decompositions as above and the implicit constants are 
independent of the L'^{M) and H'p[M) norms of f. 

Proof of Theorem \3.5[ Let / G L'^{M)r\H'P{M). We prove that / has an atomic decomposition. 
The key tool to do this is the following discrete Calderon's identity in [HLL2, Theorem 2.9]. 

00 00 

/(X1,X2)= E EE/^l(^l)/^2(/2) (3.9) 

fcl= — Oofc2 = — 00 I\ I2 

X (xi , xi^)Dk2 {x2 , xi^)bk^ if) {xi-, , ) 

where the series converges in the norm of L'^{M), 1 < q < 00 and H^{M). See [HLL2] for more 
details. 

Note that as a function of xi, Dk^{xi,xi^) is supported in {xi : di(xi,x/^) < C2~^^~^^^} 
and similarly for Dk2{x2,xi.^). For each /c G Z, let 

= {{xuX2) G Ml X M2 : Sd{f){xi,X2) > 2% 
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where Sd{f) is similar to Sd{f) but with D^^Dk^ replaced by Dk^Dk^- More precisely, 
Sd{f){xi,X2) = ^ ^ ^ ^^|5fci5fc2(/)(xi,X2)Px/i(a;i)x/2(a;2)} • 

A;i=— oo ^2=— oo /i /2 

By the Plancherel-Polya inequality in [HLL2] , it follows that 

\\Sd{f)\\v^(Sd{f)\\r, 
foi" max (q^, < p < oo. Therefore, 

\\f\\m(M)^\\^'iU)\\p- 

Set 

VLk = {{xi,X2) G Ml X M2 : 7W,(xqJ(xi, X2) > C}, 
where A^^ is the strong maximal function on M and C is a constant to be decided later. Let 

Bk = {R = hx h: fii^k nR)> and ^(J^fc+i n R) < ^^x{R)}. 

Rewrite (13.91) as 



f{xi,X2)= J2 ^ lJ'i{h)l^2{h)Dk-,{xi,xi^)Dk2{x2,xi^)Dk^Dk^{f){xi^,xi^) 

k=-oo R=Iixl2eBk 
00 

= ^ Afcafe(xi,X2), 



fc=— 00 



where 

akixi,X2) 

and 



Afc 



^ ^ii{Ii)^i2{l2)Dki{xi,xi^)Dk2{x2,xi^)Dk^Dk2{f){xh,xi^) (3.10) 



Xk = c 

when 2 < q < 00, and for 1 < g < 2, 



^ Dk^Dk^{f){xi^,xi2)xRi-,-) 
R=/ix/2eBfc 







2|l/2 






q 



a/p-l/q 



(3.11) 



Xk — C 



E 

R=hxi2eBk 



DkiDk2{f){xh,xi2)xR{- 



1/2 



|l/p-l/2 



(3.12) 



To see that the atomic decomposition X]fcL-oo ^fcOfc(a^ii 2:2) converges to / in the L"? norm, we 
only need to show that || J2\k\>e '^kO-kixi, X2)\\q — )■ as £ — >■ 00. This follows from the following 
duality argument: Let h £ L'^ with ||/i|L' = 1, then 



Note that 



^ Afcafc(xi,X2)||g = sup |(^ Afeafc(xi,X2),/i)|. 

\k\>e \W\q'='^ \k\>e 



J2 Xkak{xi,X2),h) = ^ ^ i^Li{Ii)^i2{h)Dl,Dl.^{h){xi^,xi^)Dk^Dk2{f){xi^,xi^ 

\k\>i \k\>iR=IiXl2€Bk 
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/ E E DlDlih)ixj„xj,) 



|fc|>£i?=/ix/2eBfe 

Applying Holder's inequality gives 

\k\>i \k\>i R=hxl2eBk 

\k\>e R=iixi2eBk 



1/2 



Dk^Dk2if){xii,xi2)\ XR 



|2 ^ 




1 XRV, 





Note again that 



|{ E E |i?i,i)^,w(x/i,x,,)|\r(.,.)}'^'|| , <cii/i| 



and 



|{ E E \DkiDk2{f){xH,xi^)\^XR{-,-)] 
\k\>t R=Iixl2&Bk 



1/2 



as 



oo 



tends to zero as i tends to infinity. This implies that || '^\k\>£ '^kO'kixi, X2)\\q 
and hence, the atomic decomposition YlT=-oo '^fc'^fc(^i) ^2) converges to / in the L"? norm. 

To see that has the compact support, by choosing C sufficiently small, we can conclude 
that suppofc C ilfc since and Dk^{x2-,xi^), as functions of xi and X2, respectively, 

have compact supports with diameters being equivalent to 2^^"^ and 2^^'^, respectively. This 
implies that satisfies the condition (1) of Definition 13.41 

We now verify that satisfies (2) of Definition 13.41 To this end, let h G L"^' (M) with 
= 1, where q' is the conjugate index of q. By the duality argument, 

^ li{R)Dk^ (• , X/ jZ^fc^ (• , xi2)Dki Dk2 if) {xh ; XI2 

R=hxl2(iBu 

^ li{R)Dk^ (• , (• ' xi^)Dkj Dk2 {f){xh ,xi2),h'^ 

Applying Holder's inequality and the discrete Littlewood-Paley square function estimates on 
L"^ for 1 < q < 00, the last term above is dominated by 

1/2 



ll^ll 



sup 



sup 



{ E \DkiDk2ih){xi^,xi2)\^XRi-,-)} 
R=hxi2eBk 



< C 



{ E 



R=hxi2eBk 

DkiDk2{f){xi^,xi^)\\R 



R=lixl2eBk 
This yields that when 2 < q < 00, 



|2 f 




\ XRV, 





Wk\\q = I C 



J2 Dk^Dk2{f){xii,xi^)xR{- 
R=Iixl2€B^. 



1/2 \ -1 
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< 



1/q-l/p 



For 1 < q < 2, since is supported in $7^, applying Holder's inequality yields 



kfcL — c 



E 

R=IiXl2&B^. 



1/2 



/i(ilfc) 



l/p-1/2 



-1 



< c 



R=hxi2eBk 



1/2 



, l/p-1/2 



1/9-1/21 



^ IJ,{R)Dk^ {■,xi^)Dk2{-,xi2)Dk^Dk2{f){xi^ , x/2 

-R=/ix72G-Bfe 



where we use the fact that 



^ n{R)Dk^ {■,xj^)Dk2 (•, xi^)Dk^Dk2 {f){xh , xi^ 

R=7iX/2eBfc 



< C 



1/2 



X] Dk^Dk2{f){xi^,xi^)xR{-,-) 
R=/ix/2eBfc 

As a consequence, we get that satisfies (2) of Definition I3.4i It remains to check that 
satisfies the condition (3) of Definition 13.41 To see this, we can further decompose as 



flfc 



E 



RdMi^k) 



where 



R=hxl2GBk, RCR 
X Dki {xi , xi^ )Dk2 {x2 , xi2)Dk^ Dk^if) (x/i ,xi^). 
Similar to a^, we can verify that 

suppa^;^ C CR 

and by the facts that J Dk^{xi,xi^)dxi = / Dk2{x2-,xi^)dx2 = 0, for a.e. X2 £ M2, 

af^^{xi,X2)dxi = 



Ml 



and for a.e. xi G Mi, 



M2 



«fc,i!(^i'2^2)c?a:2 = 0, 
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which yield that the conditions (i) and (ii) of (3) in Definition 13.41 hold. Now it's left to show 
that Ofc satisfies the conditions (iii-a) and (iii-b) of (3). 

For 2 < g < oo, we verify that satisfies (iii-a). To do this, by the definition of A^, we 

have 



C 



R=hxi2eBk ^ 1 

^ fi{R)Dk^ (• , X/ jZ?fc2 (•, xi^)bk^ if) {xh , xi2 ) 

Applying the same argument for the estimates of ||afc||g with 2 < q < oo yields 

{_E ll%.7^IIL}'''<M^^)^/^-^/^ 

R&Miflk) 



which concludes that the condition (iii-a) holds. 
For 1 < g < 2, we first write 

C 



E 



i?=/ix/2eA4i{Qfe) 



^k,R\\L.-Xl_ ^ ~ V2(/2: 



{ E 



j(v)} 



1/2 



PfciI)fc2(/)(x/i,X/2)| Xr{ 

R=hxl2&Bk, RCR 

Applying Holder's inequality and the definition of A^, the last term above then is less or equal 
to 



^^2(^2) 

R=hxl2&Miihk) '^2(^2) 



5 E ( 



l-q/2 



E \Dk^Dk2{f){xi^,xi^)\'^XRixi,X2)dxidx2^ 

R=hxl2&Bk, RcR 



q/2 



< 



c 



{ E 



fJ-2{l2 



^ R=hxl2eMi{nk) ^^2(-^2, 



l-q/2 



\DkiDk2if)ixi^,xj^)fxRixi,X2)dxidx2^ 



q/2 



E 

iJ=/ix/2G-Bfe, RcR 

< C,,5/i(0fc)i-«/V(f^fc)'^/'-^/^ 
where the last inequality follows from Journe-type covering lemma with 5' = 



Similarly, 



E 



a 



k,R\\Li 



R=hxl2CM2{^k) 

This implies that the condition (iii-b) holds and hence, we obtain a desired atomic decompo- 
sition for /. 
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To prove the converse, it suffices to verify that there exists a positive constant C such 

that 

||5(a)||^,(^)<C (3.13) 

for each (p, q)-atom a of H^{M) with \ < q < oo. This is because if / has an atomic decom- 
position / = ^ - XiUi, where the series converges in both L'^ and H^{M) norms, then 



||5(/)||^<^|A,n|5(a.)||^, 



where the fact that the series in the atomic decomposition of / converges in the norm of is 
used. This together with (3.13) gives 



p 

HP 



Finally, it remains to show (3.13). Fix an (p, g')-atom a with suppa C and a = J^ReMin) 
Set 

h = {{xi,X2)eM : Ms{xn){xi,X2)>l/2] 

and 

h = {{xi,X2) e M : Ms{Xn)ixi,X2) > 1/2}. 

Moreover, for any R = x h e Mi{n), set R = % x h (Z Mi{9.). Then ^(^ n ^7) > 

Similarly, set ^ = /i x Is C M2{fl). Then /x(^ n 1^) > 

Now let C be a constant to be chosen later. We write 

= / ^S{a){xi,X2Ydxidx2 + I ^ S{a){xi^X2Ydxidx2 

= : A + B. 

For A, applying the Holder inequality and Theorem 12.121 and using the L'^ boundedness 
of S, we have 

^<Ai(UHeX(Q) WOCrY-"^" ( f\S{a)ixi,X2Wdxidx2^''^' 

<c. 

To estimate B, we write 



-B < S{aR){xi,X2ydxidx2 

< / S{aji){xi,X2fdxidx2 

ReM{n) -^-i^iooc/i J Ah 
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+ E 

B1 + B2. 



S{aR){xi , X2Y dxidx"} 



It suffices to estimate Bi since the estimate for B2 is similar. We fm'ther decompose Bi 
as follows. 



xi^iooc/i Jx2eiooc/2 



5(a/j)(a;i, X2)^dxidx2 



S{aii){xi, X2Y dxidx2 



ReM{n) 
Bu + B12 



X2<^100Cl2 



Applying Holder's inequality for Bu implies 



/ -/ 



x2eiooc/2 



S{afi){xi,X2ydxidx2 



'xi^lOOC/i 

To estimate the last term above, write 



S{aR){xi,X2ydx2 



M2 



M2 



S{aR){xi,X2Ydx2 



„ 00 00 

[ Y] Y] \DkiDk2{aR){xi,X2)f]^dx2. 



fcl = — 00 fc2=— 00 

Consider the Hilbert space H = {^^^(xi) : = |i^fci (xi)p}2 }. Then the last 

ki 

term above can be written as 

[Y,\\Dk2{DkiaR){xi,-){x2)\\H]^dx2. 

k2 

Applying the vector- valued Littlewood-Paley estimate, we have 



M2 



S{aR){xi,X2ydx2<C / {\\{DkiaR){xi,X2)\\H}^dx 



M2 



n 00 n q 

^ I / Dkiixi,yi)aR{yi,X2)dyif ^ dx2. (3.14) 



We first consider the term J^j^ Dki{xi,yi)aR{yi,X2)dyi in (|3.14p . Using the cancellation con- 
dition of the atom aR and the smoothness conditions on Dk^ yields 



Ah 



Dki{xi,yi)aR{yi,X2)dyi 



Ah 



[Dki{xi,yi) - Dkiixi, zi)]aR{yi, X2)dyi 
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<C2''^^Hihf^( \ -) / |a^(yi,X2)|dyi, 

W^-kiixi) + V2-k^{Zi) + V{xi,Zi)J J Ml 

where we use zi to denote the center of Ii . 

Putting the above esthnate into (|3.14p imphes 

S{aR){xi,X2ydx2 

M2 



r r 1 1 2 



fci =—00 



Note that suppa/j C Ci/i x (72/2- So yi G Ci/i. Since Dj^^{xi,yi) is supported in {yi : 
di{xi,yi) < (72^^^!}, if xi lOOC/i, then, by choosing C large enough, A;i < ki, where ki is 
chosen such that 2"^^^ f« 100C£(/i). Applying the above estimate gives 



/ _ / _ S{aR){xi,X2fdxidx2 

Jxit^WOCTi Jx2&W0Cl2 

fei 



P/9 



/xi^iooc/i /a-'^i (2^1) + ^2-^=1 (^1) + 

By decomposing the set {xi lOOC/i} into annuli according to we can verify that 

As a consequence, we obtain 



/ _ / _ S{aR){xi,X2ydxidx2 

<c^2(/2)^-^/Vi(/ir^/^^(/iria«r,,(~^^^ 

< cKRr^/^anf fmr'(^^^^i^y-\ (3.15) 



Next, since 



where Qi is the upper dimension of Mi, we have that 



which yields that 
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where w{x) = with a = ^ + p — 1 > since p > q^^^^ ■ 
When 2 < g < oo, applying Holder's inequality yields 



Bu<C 

ReM{n) 

<C( ^ Wan 

ReM{fi) 

<c, 



where the last inequality follows from Journe's covering Lemma 3.3 with w = w "-p . 
If 1 < g < 2, we have 



ReM{n) 



ReM{n) 



Applying Holder's inequality implies that the last term above is bounded by 



\(^r\ 



w 



}w 



ReM{n) 



where w = w'^ , w = w'^ and w = wp . 

Now wc consider Bi2. Note that in this case, we have xi ^ lOOC/i and X2 ^ IOOC/2. 
Thus, similar to the arguments in the case of Bu, by choosing C large enough, we have two 
constants ki and ^2 such that 2~^i « ^(-^1)) 2~'^2 ~ ^(12) and ki < ki and ^2 < ^2- Hence, we 
can rewrite 



fci k2 „ 

E E I L^^ki{xi,yi)Dk2{x2,y2)aR{yi,y2)dyidy2 

fel =— Oofc2=— 00 

fel fc2 „ 

E E L[-C'ifci(a;i,yi) --Dfei(xi,zi)] 



p/g 



dxidx2 



= y 



fel fc2 

C I 

A;i=— 00 fc2=— 00 

x[i^fe2 (3^2,^2) - Dk2{x2, Z2)]aR{yi,y2)dyidy2 



p/g 



dxidx2, 



where the second equality follows from the cancellation condition of the atoms aij(yi, 2/2)- Then, 
by applying smoothness properties of Z)fc^(xi,yi) and Dk^{x2,y2), we have 



X2 01OOC/2 



fcl fc2 

E E 

A;i=— 00 fc2=— 00 
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M ^V2-k^{xi) +V2-ki{zi) + V{xi,zi)J \d{xi,zi) 

W2^k,{x2) + V2-k,iz2) + V{x2,Z2)J \d{x2,Z2) 

p/g 

dxidx2 



q 

x\aR{yi,y2)\dyidy2 



- n ) II "UciMAnj^'fJ ■ ''i('i) ' 
Similar to estimates as those in Bu, we obtain 

Bi2 < Cfi{n)p/i-^nin)^-p/'i < c. 

Combining the estimates of Bu and B12 yields Bi < C, which in tm'n gives B2 < C. The 
proof of Theorem 3.5 is concluded. □ 

3.2.3 HP LP boundedness 

In this subsection, applying the atomic decomposition provided in the previous subsection, we 
show the following 

Theorem 3.6. Suppose that T is a product Calderon-Zygmund operator defined in Subsection 
3.1. Then for max (g^^, g^^) < p < 1, T extends to a hounded operator from HP{M) to 
LP{M). Moreover, there exists a constant C such that 

r/llL.(M)<C|l/ll^.(M). 

Proof Fix max {q^^, q^^) < P < 1- Since HP{M) D is dense in HP(M), it suffices to 
prove that there exists a positive constant C such that for every / G HP{M) n L^, 

lp(m) - ^\\f\\Hp(M)- (3.16) 

To prove (j3.16p . similar to the proof of Theorem 3.5, we only need to show that for any 
(p, 2)-atom a of HP{M), ||Ta||^p^j^^ is uniformly bounded. To do this, suppose that a is an 

(p, 2)-atom with suppa C and a = ^^R^Min) 0.,0.,R,R and R as in the proof of 

Theorem 3.5. 

To prove that ll^(")ll^p(-jf^ — C*, where C is a positive constant independent of a, we 
decompose ^ follows. 

^T{a){xi,X2)^dxidx2 + / ^ T{a){xi,X2ydxidx2 

=:A + B. 

Applying the Holder inequality and the boundedness of T implies 



A<n{ [j lOOCR)^ (^j_\T{a){xi,X2)\'^dxidx2^ 



p/2 



ReMin) 
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— A^V / II \\l2(^m) 

<c. 

To estimate B, we write 

B< V / _^ T{aR){xi,X2fdxidx2 

< yZ _ / T{aR){xi,X2fdxidx2 

+ V / / _ T{aR){xi,X2fdxidx2 
=:Bi + B2. 

We only need to estimate Bi since the proof of estimate for B2 is similar. To do this, we 

write 

Si=V(/ _/ +/ _/ )T{aR){xi,X2rdxidx2 

=: B\\ + B\2- 
By Holder's inequality we obtain 

Bxx<C V /X2(/2)'-^/' / _ (/ T{aK){x^,X2fdxX''' dx^. 

R(zM(Q) Jxi^WOCh ^Jx2elOl2 ' 

To estimate the inside integral above, using the cancellation condition on aij, we write 

T{aR){xx,X2) = [K{xi,X2,yi,y2) - K{xi,X2,yi^,y2)\aR{yi,y2)dyidy2. 

J JZR 

Applying the smoothness condition on K yields 

/ \T{aR){xi,X2)\^dx2 

JX2elOl2 

<Ciii{h) jj^^ \\K^{xuyi)-K^{xuyi,)\\cz hR{yu-)\\l2^M2)dyi (3.17) 

Inserting this estimate into the right side of the estimate for Bu implies 

Bn<C Yl M2(/2)'-^/' 
ReM{n) 

^xi^iooc/i \\di{xi,yi^)J L (M)j 

R&M(Sl) 
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X 



Jxi^lOOCh 



where yj^ is the center of the cube Ii and the fact that di{yi,yi^) < j^di{xi,yj^) is used. 

We now estimate the last integral above. To this end, we decompose the set {xi ^ lOOC/i} 
into annuli and then get 



/ _ diixuyi,)-P'V{xi,yi,yPdxi (3.18) 

oo 



k=0 

oo 



< C^2-''P'£{Ii)-P'2'"^'^^-P'>V{yi„£{h)) 

k=0 

<Ciih)-P^V{yi„iih))'-^, 



where the last inequality follows from the condition that max {-Q^p^, Q^p^) < P < 1- 
Putting all estimates together implies 

Repeating the same argument as in (3.12) gives 

Bu < C, 

where C is a positive constant independent of the atom a. 

We now turn to estimate B12. To do this, again using the cancellation conditions on aji 
yields 



TaR{xi,X2) 

= 11 [K(xi , X2, yi , y2) - K{xx ,X2,yii,y2)- K{xi , 0:2 , yi , y/a ) + K{xi , X2 , y^ , Vh)] 

J JSR 

xaR{yi,y2)dyidy2. 
By the smoothness condition on K and we obtain 
\TaR{xi,X2)\ 

^di{xi,yiJJ ^d2{x2,yi2)^ JJ3R 



and hence 

B12 



E / J iff (^4^)V(x:.„J-' 

V{x2,yi2) \aR{yi,y2)\dyidy2j dxidx2, 



ReM{n) ■ 
d2{x2,yi2 
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where yi^ and yi^ are the centers of the cubes I\ and 12, respectively and the fact that 
di{yi,yh) < ^di{xi,yi^) and d2{y2,yh) < jA^2{x2,yi2) is used. 
Applying Holder's inequality implies 

ReM{n) 

X _ di{xi,yi^)~P^V{xi,yi^)~Pd2{x2,yi2)~^^V{x2,yi2)~^dxidx2 



<C, 

where the last inequality follows from the same estimate for Bn. 

As a consequence, we obtain that B\ < C and similarly B2 < C. The proof of Theorem 
3.6 is concluded. □ 

3.2.4 L°° BMO boundedness 

As a consequence of Theorem 3.6 with p = 1, together with the duality that (H^{M))* = 
BMO{M), we obtain the following 

Theorem 3.7. Suppose that T is a C alder on- Zygmund operator defined in Subsection 3.1. 
Then T extends to a hounded operator from L°°(M) to BMO{M). Moreover, there exists a 
constant C such that 

WTfWBMom < ^ll/lloo- 

Theorem 3.7 gives the necessary conditions of Theorem A as follows. 

Corollary 3.8. Suppose that T and T are Calderdn-Zygmund operators defined in Subsection 
3.1. ThenT{l),T*{\),f{\) and {f)*{l) lie on BMO{M). 

Proof of Theorem 3. 7. Suppose that T is a Caldcron-Zygmund operator defined in Subsection 
3.1. We have to define Tf for / G L°°(M). To this end, we first observe that if / G L'^{M) n 
L?'{M) then Tf is well defined, and moreover, for g G H^{M) n L'^{M), we have 

{Tf,g) = {f,T*g), 

which together with the fact that, by Theorem 3.6, T* is bounded from H^{M) to L^{M) and 
the duality arguments {L^,L°°) and {H^,BMO) gives Tf G BMO{M) since T*g G L^{M) and 
H^{M) n L^{M) is dense in H^{M). To define Tf for / G we define functions fjix,y) by 
fj{x,y) = f{x,y), when d{x,XQ) < j.d^y.yo) < j and fj{x,y) = 0, otherwise, where xq G Mi 
and yo G M2 are any fixed points. Then fj G L°°{M)r\L^{M) and thus for g G H^{M)r\L^{M), 



{Tfj,g) = {f,,T*g)^{f,T*g). 
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Indeed, 

l^(m) — II-^IIl°°(m)' /?' ~^ f almost everywhere, and T* g G L^{M), so that we 
can apply Lebesgue's dominated convergence theorem. This imphes that functions Tfj form a 
bounded sequence in BMO{M) and this sequence converges to Tf in the topology {H^,BMO). 
It remains to show the estimate in Theorem 3.7. To do this, we first consider / E L^(M) n 
L°°{M). Then for g G H^{M) n L'^{M), as mentioned, 

KT/,<7>| < '^II/IIl.o(m)II9|Ihi(m)- 

This together with the fact that H^(m) n L'^{M) is dense in H^(m) implies that {Tf,g) 
defines a continuous linear functional on H^(M) and its norm is dominated by C||/||j;^oo(jy^)- 
By Theorem 2.18, these exists h G CMO^(M) such that 

{Tf,g) = {h,g) 

O 

for all g E G^^^-a^iPi, ^2;'yi,l2) and ||^|lcjv/oi(M) - ^II-^IIl°°(M)- P°™* 

o 

Dk2Dk^{xi,X2) G Gi?i,i?2 /32; 71, 72) since 1?^^ and satisfy the size and smoothness con- 
ditions in (j2.13p and (j2.14p . Taking g{xi,X2) = Dk^Di^-^{xi, X2) in the above equality yields 
that Dk2Dk^{Tf){xi,X2) = Dk2Dk^{h){xi,X2) and hence for / G L'^{M) D L°°{M), 

W'^J'WcMO^M) ^ ll^llcMOi(M) - ^II/IIl°=(M)- 

For / G by the definition for Tf, we have Dk2DkiiTf){xi,X2) = Dk2Dki{^^^T fj)(xi, X2) 

j 

since Dk2Dk,{xi,X2) G G&.Ml^i, (32] 71,12) so Dfc^Dfc, (xi, X2) G H^{M)nL^{M). Thus 

< Cliniinf < 
Note that CMO^{M) = BMO{M). The proof of Theorem 3.7 is concluded. □ 
3.2.5 L^, 1 < p < 00, boundedness 

In this subsection we prove the L^, 1 < p < 00, boundedness, namely the following 

Theorem 3.9. Suppose T is a Calderon-Zygmund operator defined in Section 3.1. Then T 
extends to a hounded operator from L'p, 1 < p < 00, to itself. Moreover, there exists a constant 
C such that 

\\Tf\\p<C\\f\\p. 

Indeed, in [HLL2] the following Calderon-Zygmund decomposition was obtained. 

Theorem 3.10. Let max (q^^, q^^) < P2 < P < Pi < 00, a > 6e given and f G H^{M). 

Then we may write f = g + b where g G H'p^{M) and b G H^'^[M) such that Ibll^pj ^j^-j — 
CaP^-nf\? ~ and \\h\?'' ~ < Ca^^-nff ~ , where C is an absolute constant. 

As a consequence of Theorem 3.10, the following interpolation theorem was proved in 
[HLL2]. 
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Theorem 3.11. Let max (g^^, Q^f^) < P2 < Pi < oo and T be a linear operator which is 
bounded from HP^{M) to L'P'^(M) and from HP^(M) to LP^{M), then T is bounded on HP{M) 
for p2 < p < pi. 

Note that HP{M) = LP{M) for 1 < p < oo. Now the proof of Theorem 3.9 with 1 < p < 2 
follows from Theorem 3.6 and 3.11 directly by taking P2 = ^ and pi = 2. The duality argument 
gives the proof of Theorem 3.9 for 2 < p < oo. 

3.3 Sufficient conditions of Tl Theorem 

In this section, we prove the sufficient conditions of Theorem A. To show that T is bounded on 
it suffices to prove that for f,g^ Gi9i,i92 (A' /^s; 71, 72) with compact supports, there exists 
a constant C such that 

K9,T/)| <C7||/||2|b||2. 

This is because, by Calderon's identity established in [HLL2], the collection of functions in 

o 

Gi9i,i?2(/5i'/52;7i;72) having compact supports is dense in L^. 
As described in Section 1, we write 

(5, r/> = E E E E E E E E w (^i)w (/i)m2(/;)m2(/2) (3.19) 
k[ i[ ^1 4 

o 

To see the above equality, we first consider one parameter case. Let fi,gi € G^{(3,j){Mi) 
with compact supports and Ti be a singular integral operator on Mi. Then by the discrete 
Carlderon identity on Mi, 

(gi,ri/i) = j;^/.i(/;)5,,(5)(x,,)(i),,(.,x,,),ri/i) (3.20) 

k[ i[ 

= EEEE/^i(^i)/^i(^i)^fc;(^?)(^/;)(^fe;'^i^'^i)Ki'^^i)^^'i(/i)(^A)- 
k[ i[ ^1 

For the equality (j3.20p . we use the fact that Yl Yl l^i{^'i)^k' ^9)(^i' )^k' (^i' ) converges in 

fc^>0 l[ 1111 

o 

the test function space G^(/3,7)(Mi) with compact support, so that 

< E E^i(^i)4;(5)(^/;)^fc;(-'^/;)'^i/0 

= E T.f^(^i^^k[(9)ix,>^){D^>^{;Xj,),Tifi). 

k[>0 l[ 

This, however, is not true for V Y] iii(l\)D,i {g){x ji)D,i (xi,x ji), because the support of 

fci<o i[ 

D^i {xi,Xj' ) gets big as k[ tends to — oo, even though ^ l^ii^'ij^k' id^i^i' )^k' (^ii ) ^ 

11 /lllll 
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o o 

Gi9(/3, 7)(Mi) having compact support. Now if G G^{(3,j){Mi) and has compact support, 
then 0{xi) J2 l-'-i{^i)^k' id)^^ i')-^k' (^i'^/') converges in the topology of Cq (Mi). If we 

fcj<0 ^ 1111 

choose = 1 on a large enough set which contains the support of /i, then, by the standard 
estimate on the kernel of Ti , 

<(i-^) E E^i(^i)^fc;(5)(:r,,)z^,,(.,x,,),ri/i) 

= E EwUl)5fc;(5)(:r,j)((l-e)^fc;(-,^,0,ri/i). 

k[<0 l[ 

This implies the equality (|3.20p . For fixed k'^ we can do the same thing to /i to obtain the 
second equality. Repeating the same things above twice, first on Mi and then on M2, gives 

As described in Section 1, we consider the following four cases: 

Case 1. ^1 > ki and ^2 > ^2; 

Case 2. k'^ > ki and k'2 < k2; 

Case 3. k'^ < ki and k'2> k2; 

Case 4. ki < ki and < ^2- 

Now we decompose the bilinear form {g, Tf) as 

idiTf) = {g,Tf)c-ase 1 + {g,Tf)ca.se 2 + {g,Tf)c-asc 3 + {g,Tf)ca.se 4, 

where 

{g,Tf)ci,sc 1= E E EEEE^i(^i)^i(^i)^2(/2)/^2(/2)5^^-D^^(5)(2;j;,a;^^) 

ki<k[ k2<k'^ l[ 4 

X (/) (x/i , ) <^i:>^/ D^/ , TDfcj ) ' , a;/^ , a;/2 ) (3.21) 

and similarly for other three terms. 

Since the estimates for {g,Tf)case 4 and {g,Tf)case 3 are similar to {g,T f)casc i and 
{g,Tf)case 2, respectively, so we only prove that under the sufficient conditions the first two 
terms are bounded by some constant times ||/||2||5'||2- This will conclude the proof of the 
sufficient conditions of Theorem A. 

To deal with the first term {g,T f)case i, as mentioned in Section 1, for ki < k^ and 
k2 < k'2 we first decompose 

= J Dk'^{xj'^,ui)Dk'^{xj'^,U2)K{ui,U2,vi,V2)[Dk^{vi,xi^) - Dk^{xj'^,xi^)] 

X [Dk2 {v2, xi„) — DkJxji , X i„)\duidu2dvidv2 

-'2 

+ / Dy^{Xj>^,Ui)Dy^{Xj:^,U2)K{ui,U2,Vi,V2)Dk^{Xj'^,Xj^)Dk2{v2,Xl2)duidU2dvidv2 



44 



Han, Li and Lin 



+ / Du {xji , ui)Z)fc/ {xf , U2)K{ui,U2,vi,V2)Dk^ {vi,xi^)Dk^{xj> , xi^)duidu2dvidv2 

J ^ 1 ^ 2 2 

- / Du {xji , ui)Dy {xj' , U2)K{ui,U2,vi,V2)Dki {xji , xi^)Dk2 {xf , xi^)duidu2dvidv2 

J 1 2 12 

=: I{xjr^ , Xj>^ , xi^ , ) + II{xj>^ , Xji^ , xi^ , ) + III{xji^ , x^/ , xi^ ,xi^) + IV{xj>^ , Xj>^ , xj^ , xi^ ) 
and then write 

Case 1 Case 1.1 + {9,Tf) Case 1.2 Case 1.3 

+ {9,Tf) 

Case 1.4) 

where 

(5, r/) Case 1.1 = XI H Ximm^i(^i)^i(-^i)^2(i'2)/^2(i'2)5^^-D^;(5)(a;j;,a;^;) 

fel<feife2<ik2 4 

X -Dfci 5fc2 (/) (x/i , x/2 , X^/ , X/, , X/2 ) . 

The other terms {g,Tf)casc iA,i = 2,3,4, are defined similarly. 

Corresponding the case 2, that is, k'^ > ki and k'2 < k2, we give the decomposition of term 
(5, T/) Case 2- Similarly, we first write 



y -Dfc^(a:^/^^^i)[^fc^(a:^/^^^2) - Dk'^{xj,^,xi^)]K{ui,U2,vi,V2)[Dki{vi,xi^) - Dk^{xj,^,xi^)] 

X Dfej ("^2 , 3^/2 )duidu2dvidv2 
+ y ^ik'i (a^j^ , ui)Dk'^ (x^/ , U2)K{ui,U2, vi,V2)Dk-, (x^/ , x/, )£)fe2 (^2, Xi^)duidu2dvidv2 

+ / Djfc/ (x./ , ui)D^., {xj, , xi^)K{ui,U2, vi,V2)Dk^ {vi,xi-^)Dk^{v2, Xi^)duidu2dvidv2 
J 1 ^1 ■= ^2 

Dk'^ (xj/ , ui)Djt^ (x^^ , xi^)K{ui,U2, vi,V2)Dk^ {xf^ , xi^ )Dk2 (^^2, Xi^)duidu2dvidv2 
=: V{xji^ , Xji^ , x/i , x/j ) + y/(x^j , x^/ , x/i , X72 ) + F7/(x ^/ , x^/ , x/^ , x/j ) 
+VIII{xj'^ , x^^ , x/i , x/2 ) , 
and then decompose 

{9^Tf)case 2 = {g,Tf)case 2.1 + {g,Tf)case 2.2 + {g,Tf)case 2.3 + {g,Tf)case 2.4, 

where 

(5,r/)ca.e2.1= X X J] J]J;Xmi(/;Vi(/iV2(/;)/X2(/2)5,,5^,(5)(x,,,X,,) 

fei<feife2>A;2 -fl 4 ''^1 

X 5fc2 (/) (a;/! , X72 , x^/ , xj^ ,xi^). 

Similarly for other terms {g, Tf)casc 2.ii i = 2,3, 4. 

Before we get into the details of estimates for {g,Tf)case i and {g,Tf)case 2, we would 
like to point out the main methods for doing this. Roughly speaking, in the classical one 
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parameter case, the main methods are the almost orthogonahty argument and Carleson measure 
estimate. In our setting with two parameter case, besides the almost orthogonality argument 
and Carleson measure estimate on M = Mi x M2, there are two more situations, that are, 
the almost orthogonality argument on one factor, say Mi and Carleson measure estimate on 
other factor, say M2, and the Littlewood-Paley estimate on one factor, say Mi and Carleson 
measure estimate on other factor, say M2. These details will be given in next subsections. 

3.3.1 Almost orthogonality argument on M = Mi x M2 

In this subsection, we deal with {g,Tf)ci^e 1.1 and {g,Tf)ca.se 2.1- The main method is the 
almost orthogonality argument on M = Mi x M2. Indeed, we will show the following estimate, 
that is, there exists a constant C such that for k[ > ki and ^2 > ^2) 

Dk' {xj' , ui)Du {xj, , U2)K{ui,U2,vi,V2)[Dk^ {vi.xi^) - Dk^ {xj> , x/J] 

X [1)^2(^2, a: /a) - Dk^{xj/^,xi.^)]duidu2dvidv2 

1 2-^=1^ 



~ V2-k^{xj>) + V2-fciix/J + V{Xf^,xi^) (2-^1 + di{Xji^,xi^))'- 

(3.22) 



V2-k^{xji^) + V2-k2{xi^) + V{xf_^,xi^) (2 + d2{xji^,xi^)Y' 

We would like to remark that the cancellation condition on the kernel K is not required in the 
above almost orthogonality estimate and only side, smoothness on K and the weak boundedness 
property on T are needed. To show the above estimate, we first consider the one parameter 
case. The estimate for two parameter case will follow from the iterative methods. As mentioned 
in Section 1, let Ti be a singular integral operator associated with the kernel Ki defined on 
Ml having the weak boundedness property. Then for ki < k[ there exists a constant C such 
that the following orthogonal estimate holds 



Dfc^ (xi , ui )Ki {ui , vi ) [Dfci ivi,yi) - Dkj^{xi,yi)]dui dvi 
< C\K^\cz2^^^-^'^^'- 



V^-k.ixi) + V2-u,{yi) + V{xi,yi) {2-^^ + di{xi,yi)Y 



To see the above estimate, we first consider the case where di(xi,yi) > Ci2 ^. Note that if 
choosing Ci sufficiently large (depending on Co) then -Dfci (^^i, yi) = 0. Thus, 

Dk[{xi,ui)Ki{ui,vi)[Dk^{vi,yi) - Dk^{xi,yi)]duidvi 



Dk'_^{xi,ui)Ki {ui , vi)Dk^ {vi , yi)duidvi . 

Furthermore, di{xi,yi) > Ci2~''^ implies di{ui,vi) > C'idi{xi,yi), where C{ is a constant 
depending on Cq and Ci since the support of Dj^i^{xi,ui) is contained in {ui : di{xi,ui) < 
Co2~'^i}. Here Cq is the constant given in Definition 1 2. 7[ Therefore, we can use the smoothness 
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condition on the kernel Ki{ui,vi). By the fact that / Dj^i^{xi,ui)dui = 0, we write 
J J Dy^ {xi,ui)Ki{ui,vi)Dk^{vi,yi) duidvi 
= J Dk'^{xi,ui)[Ki{ui,vi) - Ki{xi,vi)]Dk^{vi,yi)duidvi. 

Now applying the smoothness condition on the kernel Ki yields 
I J J Dk'^{xi,ui)Ki{ui,Vi)Dk^ {vi,yi)duidvi\ 

< C\K^\cz [ ( ' YV{ui,vi)~^\Dk'{xi,ui)\ l-Dfci {vi , yi)\duidvi . 
J ai{ui,vi) 

Note that di{ui,vi) > C[di{xi,yi) and di{xi,ui) < Co2~^i. The last integral is bounded by 
some constant times 

— -) F(xi,yi)-i=2-«-^i)^(— -) Vixi,y,)-\ 

di{xi,yi)y \di{xi,yi)y 

which gives the desired estimate when ki < k[ because di{xi,yi) > Cil~'^^ implies V2-ki {xi) + 
V2-u,{yi)<CV{xuyi). 

Now we consider d\{x\,y\) < Cil"^'^. Note that for this case one can not apply the 
smoothness condition on the kernel Ki to get the desired estimate as in the case d\{x\,yi) > 
C\l~^'^ because the variables ui and vi in the kernel Ki{ui^vi) could be close. The weak 
boundedness property of Ti can not be applied either since Dk-^{vi,yi) — Dk^{xi,yi), as the 
function of ui, has no compact support. Thus, we need to introduce a smooth cutoff function 
rii{x) G C^(M) so that 771(0;) = 1 when < 1 and rii{x) = when \x\ > 2. And set 772 = 1 — rji. 
then 



// 



Dk[ (xi ,ui)Ki {ui , ui) [-Dfei ('"1 , yi) - -Dfei (xi , yi)]duidvi \ 

/d ( ^ 
Dk[ {xi ,ui)Ki {ui , vi ) [Dfe, {vi , yi) - D^^ (xi , yi)]r]i (-^"^T^) duidvi 

D^.,^{xi,ui)Ki{ui,vi) [Dk^ {vi,yi) - Dki{xi,yi)]ri2 ( ^^2"^^ ) duidvi 

=:I + II. 

We will apply the weak boundedness property for term /. For this purpose, setting 
V'fci('fi) = [-Cfei(fi,?/i) - iJfci {xi , VifWi { '^]^"^-J^ ) we write term / as 

I = {Dk'^{xu-),T^M))- 
Then the weak boundedness property of Ti yields 

|/|<KZ)^(xi,-),ri^fe,(.))| 

It is easy to verify that (xi, < Ci^'^^V^^y^ (xi)"-*^. We claim that ||'0ifci(')ll<5 bounded 
by C2'=i'52-«-*^i)'^F2-fci In fact, using the smoothness property of D]^^ {vi , yi), we obtain 



< c2-«-'=i)''i/2-'=i(yi)"^- 
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Moreover, 



\ipki{v) -il^kiW)] = [Ai {v, yi) - [v', yi)]vi ) 



+ 



Thus, using the smoothness property of the kernel Dk^{vi,yi) and smoothness property of the 
function rji, we can obtain that 

As a consequence of these estimates, we have 



<C|ifi|cz2-«-'=i)V2-.,(yi)-\ 



which is a desired estimate in this case since ^ > e. 

We now deal with term II. Note that di{xi,ui) < Co2~^i and that by the support of 1J2, 
di{vi,xi) > Ci2^'^i, where Ci is sufficiently large so that di(xi, ui) < Cdi{ui,vi). Therefore, 
we can apply the smoothness condition on the kernel Ki. To this end, using the fact that 
/ Di^/^{xi,ui)dui = 0, we write 

Dk[ (xi , ui) [Ki {ui ,vi) - Ki{xi,vi)] [Dfei {vi ,yi)-Dk^{xi, yi )]ri2 ( ^^2-^^ ) duidvi . 
Applying the smoothness condition on we obtain 



\II\ < 



C\K'\cz [ ^, / 



,di{xi,Ui) 



y 



uv.di{ui,xi)<Co2-''i Jvi:di{vi,xi)>Ci2~''i di{ui,Vi) 

xV{ui,viy^\Dk'^{xi,ui)\\Dki{vi,yi) - D^^ {xi,yi)\duidvi. 



Note that 



and 



\DkA'"uyi) - Dk^{x]_,yx)\ < CV^-k^{yi) ^ 

di{xi,vi) 



\DkAvi,yi) - Dki{xi,yi)\ < 



when di{xi,vi) < Ci2 . 

Splitting the above last integral into 



/ 



uv. di(ui,a:i)<Co2"'='i Jvv. di{vi,xi)>Ci2-''i di{ui,Vi 

x\Dk[{xi,ui)\\Dk^ {vi,yi) - Dki{xi,yi)\duidv 



+ 



JuM dif«i,a;i)<Cn2 *i Jvv. 



lui: di(«i,a;i)<Co2-'=i Jvv Ci2-''i>di(vi,xi)>Ci2-''i di{ui,Vi) 

x\Dk[ixi,ui)\\Dk^{vi,yi) - Dki{xi,yi)\duidv 
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and applying the above two estimates for \Dkj^{vi,yi) — to above two integrals, 

respectively, yield 

\II\ < C\K\zV^^,, (yi)-i2-'^i^2'=i^ 

Jvi:C'i2~''i>di{vi,xi)>Ci2~''i 

< C\K\zV^^,, (2/i)-i2-«-'=^)^(l + (A:; - k^)) , 

which again is a desired estimate. 

Now we turn to the present case, that is, the proof of the estimate in (|3.22|) . To see that 
this can be done by the iteration, we write 

Dy^ {xj>^ , ui )L>^ (x^/ ,U2)K{ui,U2,vi, V2)[Dk^ {vi ,xj^) - Dk^ (x^/ , x/ J] 
x[Dk2{v2,xi2) - Dk2{xj>^,xi2)]duidu2dvidv2 

= {Dki^{xf_^,U2), {Dk'^{Xj>^,-),K2{u2,V2)[Dki{-,Xl,) - Dk^{Xj>^,Xi^)]) 

'x[Dk2{v2,xi2) - Dk2{xf^,xj2)]), 

where, by definition of the product singular integral operator given in Subsection 3.1, for 
fixed points U2,V2 G M2, K2{u2,V2) is a Calderon-Zygmund operator on Mi with the operator 
norm \\K2{u2,V2)\\cz{Mi) which is a singular integral operator on M2. By the estimate for one 
parameter case provided above, for k[ > ki, 

\{Dk[{Xj'^,-),K2iu2,V2)[Dk^{-,Xl^) - Dk^{Xjf^,Xl^)])\ 

<C\\K2iu2,V2)\\cZ(M^)'^^'''-''^^', ^ ^ 



V^-k, (x^/ ) + V^-k, {xi, ) + V{xj>^ , XI, ) (2-'=i + di (x^j , xi,)y ■ 
Similarly, 

\{Dk[{Xj'^,-), [K2{U2,V2) - K2{u2,v'2][Dk,{-,Xl,) - Z^fc^ (x^/ , X/ J] ) | 
< C\\K2iu2,V2)-K2iu2,v'2]\\cziM,)'2^'''-'''^^' 

1 2-^^'' 



V^-k, (x^. ) + 1^2-^1 (xi, ) + y (x^/ , yi) (2-^'i + di (x^/ , XI, ) Y 

and the same estimate holds with interchanging U2 and V2- 

This together with the fact that \\K2{u2,V2)\\cz(Mi) is a singular integral operator on 
M2 having the weak boundedness property implies that {Di^/^{xj/ , ■), K2{u2,V2)[Dk,{-, xi,) — 
Df;,(xj' ,xi,)]) is a Calderon-Zygmund singular integral on M2 having the weak boundedness 
property. Moreover, 

I {Dk[ {Xj'^ ,-),K2{u2, V2)[Dk, (• , ) - Dk, {Xj'^,Xl,)])\ cz 

1 n—kie 



V^-u, (x^. ) + 1^2-^1 {xi, ) + F(x^/ , XI, ) (2-*^i + di (x^^ , X/ J)^ ■ 
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Applying the estimate for one parameter case again yields that for > A;2, 
I {Dy^ (x^/ , na ) , (-Dfc^ (x^/ , • ) , K2 {u2 , V2 ) [Dk^ (• , x/ J - Dk^ (x x/ J] ) [Dk^ {v2 , x/^ ) - Dk^ (x x/^ )] ) 

< C'K-Dfc/(x^/,-),^2(u2,W2)[-Dfci(-,2;/J - Dfc^(x^/,X/J])|cZ 

1 2-^=2^ 



V2-k^{xj>^) + ^2-^2(^2) + V{xj>^,y2) (2-'=2 + d2(x^^y2))^ 
1 2-^1^ 



1 2-^2e 



^2-^2(3;/) + V2-fe2(a;/2) + ^(a^7'>a;/2) (2 +d2(x^',X72))<^' 

2 2 2 

which concludes the proof of (I3.22p . 

Applying the Cauchy- Schwartz inequality implies that |(5,T/)caso 1.1 1 is bounded by 

{ E E EEEEwa;)w(/i)/^2(/;)/.2(/2)iB,,B,,(5)(x,;,x,,)p 

ki<k[k2<k'^ l[ 4 "'^^ "'^2 



|I(X^/,X^/,X/,,X/2)|| 



X 



E E EEEEwul)wUi)^2(/;)/i2(/2)ii)fcii)fc2(/)(^/i,^/: 

ki<k[ k2<k'^ l[ 4 ^"^ 



|/(x^/,Xj/,X/i,X/2)||\ 

Note that by the estimates for |I(xy , x^-' , x/j , x/j)! in (I3.22P we have 

J]^/.i(/;)/X2(/;)|/(x,,,x,,,x,„x,2)| < C2('=-^i)^2('=2-fc0^ 

and similarly 



^1 ^2 



j;m(/i)^2(/2)|/(x,.,x,,,x,,,x,2)| < C2^^^-Ky2^^^-^'^ 

h h 



Therefore, 



E E EEEE^i(^i)^i(^i)^2(/2)M2(/2)|^fc'^^fc^(5)(2;^^a;^;)lV(a:^/^a;^;>a;^ 

ki<k[ k2<k'^ l[ 4 ^2 

<^ E E 2^'^"'^^^2('=-.g.^^^^(,;)^^(,;)|B^,B,,(,)(x,,,x,,)P 



^^EEEE/^i(^lV2(/;)iB,,B,,(<,)(x,,,x,,)i^ 



k' k' 1' 1' 

'^2 -"l -'2 



The last series above, by the discrete Littlewood-Paley estimate established in [HLL2], is 
dominated by the constant times WqW^- Similarly, 

E E EEEE^i(^i)^i(^i)^2(/2)^2(/2)|5fcj5fc2(/)(x/i,x/2)|V(a;/^a;^;,a;/i,X72)| 

ki<k[k2<k'2 l[ I2 ^2 
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<^^ll/lli- 

We thus conclude that \{g,Tf)case i.i| < C'||/||2||s'||2- The estimate for |(s',r/)case 2.1I is the 
same. Indeed, if we write 

Dk{{Xj'^,Ui)[Di,>^{Xjf^,U2) - Dk>^{Xj'^,Xj^)]K{ui,U2,Vi,V2)[Dk^{vi,Xi^) - (x^/ , X/J] 

X Dk2{v2, Xi2)duidu2dvidv2 
= {[Dk'2{xj>^,U2) - -Dfc^(x^^X72)], 

{Dk{ {Xj'^ ,Ui),K2{u2,,V2) [Dk^ {vi , J - Dk^ (X^/ , X/ J] ) Dk2 {V2 , X/2 ) ) 

and repeat the same proof, it is not difficult to see that ^(x,/ , x^/ , x/. , x/,) satisfies the same 
estimate in (j3.22p as for /(x^-/ , x^-/ , x/^ , x/j) with interchanging /c2 and fcg. As a result, 

K5,T/)case 2.1I <C||/||2|b||2. 

3.3.2 Carleson measure on M = Mi x M2 

In this subsection, we handle bilinear form {g,Tf)caseiA- The estimate of this term will be 
achieved by applying the Carleson measure estimate on M = Mi x M2. To see this, we first 
write 

IV{xj'^,Xj'^,xi^,xi2) 

Dk'^{xjf^,ui)Dk'^{xj'^,U2)K{ui,U2,vi,V2)Dk-i^ixj'^,xi^)Dk2{xj'^,xi2)duidu2dvidv2 

= Dk' Dy {Tl){x y , xy )Dk^ (x ^/ , x/j )Dfc2 i^f ^^h)- 
12 ^1 ^2 ^1 ^2 

And then we rewrite {g,Tf)case 1.4 by 

EEEE^i(^i)^2(/;)5,,5,,(^,)(x,,,x,,)z^,,,z),,(Ti)(x,,,x,.)5,.5^^ 

h' k' l' f 
where for xi,yi G Mi, 

S^.'JyXi,yi) = ^ ^^(/i)I?fc,(xi,x/j5fci(a;/i,yi) 

and similarly for Sj (x2,y2) on M2. 

In order to apply the Carleson measure estimate to (g, r/)case 1 4, we claim that S,' (xi, yi), 
the kernel of 5"^/ , satisfies the following estimate 



1 / 2~''i V 

15',,' (a:i,yi)| < C— — — — , n , t^/ v — 7' 

V^^""^^ + 2-4 ^^^^ + ^(^I'^/i) ^2-^=1 + di(xi,yi)^ 



Similarly, S,i (x2,y2), the kernel of S, / , satisfies the same estimate above with interchanging 

"^2 "^2 

/ci, A;2; xi, X2 and 2/1,2/2, respectively. 
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Assuming the claim for the moment, then applying the Cauchy-Schwartz inequality yields 

Kfi')^/)casc I.4I 

^ {EEEE/^i(^iV2(^2)i5,;B,,(5)(x,;,x,;)p}^ (3.23) 

k' k' t' 7' 
"■1 '^2 ^1 ■'2 



k' k' i' i' 

""1 "'2 ■'l -'2 



Thus, the first series above, by the discrete Littlewood-Paley L^, is bounded by a constant 
times ||5||2- And the second series is bounded by C||/||2 by applying the Carleson measure es- 
timate on M since Tl G BMO{M) and hance iJ,i{l[)iJi2{l'2)\Dk'^D^.,^{Tl){xx,X2)\'^ is a Carleson 
measure on M x {Z x Z}. 

We now show the claim. To do this, we first consider the case when d\{x\,y\) < 2~*^i. 

Then 



J2tii{Ii)Dk,{xi,xi,)Dk,{xi„yi)\ (3.24) 

2-^=1 \ 1?' 



ki<k[, di{xi,yi)<2 *i ^ 



<c V - ( ^ \ 

^ ,V2-k^{xi) + V^-H{yi) + V{xuyi)^2-^^ +di{xi,yi)) 



ki<k[, di{xi,yi)<2 



< c 



V^_,'^ (xi) + 1/ (yi) + V{xi,yi) \2-K + di{xi,yi) 



where is the order of Dki{xi,yi). Next, we consider the case when di{xi,yi) > 2 '^i. Note 
first that by the discrete Calderon's identity in [HLL2], 

E ^l^dIi)Dki{xi,xi^)Dkiif){xi,) + ^/xi(/i)L»jfci(a;i,X7j5fej(/)(x7j = /(xi) 
ki<k[ -'"1 ki>k[ -fi 

o o 

for all test functions / G G^{l3,'y){Mi) and the series converge in the norm of G'fi{P,j). This 
implies that 

E '^l^iiIi)^ki{xi,xii)Dki{xi^,yi) 
ki<k[ -'"1 

+ Y ^l^d^i)^ki{xi,xi-,)Dki{xi-„yi) = S{xi,yi), (3.25) 
ki>k[ -fi 

where we use 5 to denote the Dirac function. Consequently, when di{xi,yi) > 2"*^!, 
I E E'"i*^^i)^'^i*^^i'^-fi)-^'^i*^^-fi'^i)| 



ki<k[,di(xi,yi)>2-''i 



kx>k[4i{xi,yi)>2 
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< c I ( ^"'^ X' 

(^i) + \-k{ (yi) + y{xi.yi) ^2-^=1 + di{xi,yi)^ 

where the last inequality follows from similar estimates in 3.24 and hence the claim is proved. 

3.3.3 Almost orthogonality argument on Mi and Carleson measure estimate on 

Ma 

In this subsection, we estimate {g,Tf)case 1.2, {g,Tf)casc 1.3, {g,Tf)case 2.2 and {g,Tf)case 2.3- 
Since ah proofs for {g,Tf)case 1.3, {g,Tf)casc 2.2 and {g,Tf)case 2.3 are similar to the proof of 
{9,Tf)case 1.2, SO wc Only give the proof for (5,T/)case 1.2- We first write 

= J Dk'^{Xj'^,Ul)Dk'^{Xj>^,U2)K{ui,U2,Vl,V2) 

x[Dk^{v2,xi^) - Dk^{xf^,xi^)]duidu2dvidv2Dki{xf^,xi^) + IV{xf^,Xji^,xi-^,xi^) 

= {Dy., (.Xj'^,U2), {Dy^ (x^/ , •), i^2(^^2, V2){l))[Dk^ {V2,XI^) - Dk^{x ^i^, Xl^)]) Dk^ (x^/ , X/J 

+IV{xji ,Xj> ,xi^,xi^). 

Set 

4^,fc2(^2,'y2) 

k'l I[ 

where Sy_^ is defined as in Subsection 3.3.2. 

Then, as in Subsection 3.3.2, summing up for k[ and/| and using the notation Jfc^,fe2(^i2, ^^2), 
we can rewrite {g, Tf)case 1.2 as 

{g,Tf)casc 1.2 

= E EE'"2(/;)/x2(/2) / {xf , U2 ) 4^ , {u2 , V2 ) [-Dfe2 (^^2 , a;72 ) - -Dfe2 (a; j' ,3:72)] ciu2 d?;2 

+ {9,Tf)case 1.4- 

Therefore, it suffices to estimate the above series since the estimate \{g, Tf)case ia\ < C'H/lblls'lb 
has been proved in Subsection 3.3.1. To this end, we claim that for fixed ki^ and k2, Jj.^ ^2(^2, V2) 
is a Caldcron-Zygmund singular integral kernel on M2 and the corresponding operator has the 
weak boundedness property. Moreover, 

\Jk',Miu2,V2)\cz < C||5^,(5)(-,x^.)||2||5fe2(/)(-,x/2)||2. (3.26) 

Assuming the claim for the moment, by the almost orthogonality argument as in Subsection 
3.3.1 we obtain 

D^' {Xj> , ^2)4^,^2(^2, V2)[Dk^{v2,Xl2) - Dk2{XjJ , Xl^)\dU2dV2\ 
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- X]X]'^2(/2)^2(/2)|-/fc^,,fc2(w2,'i^2)|cZ 

1 O — fc2£ 

which, by a similar estimate as in Subsection 3.3.1, imphes that the above series is dominated 
by a constant times 

-'2 

<C||/||2||<7||2. 

Now we prove the claim for ^^^,^2(^21 ^^2)- We first denote by Jk'^^k2 operator on M2 
associated with the kernel J^/ ^2(^21 ^^2)- We verify that Jk'^^k2 satisfies the weak boundedness 
property. In fact, using the weak boundedness property of T on M2, that is, (13. 2p and the 
one-parameter discrete Carleson measure estimate, we have 

\{Jk'^^k2^^i^^)\<CVr2{xl)\\b,,^{g){-,x,,^^^^^^^ 

for all 0^, G Am2 i^-, 2^2; ^2), where the set 71^2 i^-, x^-,'<'2) is defined in Subsection 3.1. Next we 
verify that Jk'^^k2i'^'2,V2) satisfies the size and smoothness properties as defined in Subsection 
3.1. Using the one-parameter discrete Carleson measure estimate again we can obtain that 

l-^fc^,fc2(^2,t'2)| <C'||i^2(n2,li2)(l)||BMO(Mi)l|-Dfc^(5)(^a^/pllL2{Mi)P 

<C||K2(n2,^2)(l)||cz||5,,(5)(^X,,)||i2(M0l|5,;(/)(-,2;,.)k2(M,) 



Similarly, 

\Jk'^^k2^U2,V2)-\'^j^^iu'2,V2)\ 
<C\\K2{u2,V2){l)-K2{u'2,V2){l)\\cZ)\\D,'^{g){-,Xj,^^^^ 

\d2{U2,V2) y V{U2,V2) 2 -'2 ^ '«2 ^2 ^ 

for d2{u2,U2) — jA^2{u2,V2)- The same estimate holds with U2 and V2 interchanged. Combining 
the estimates above, we get that Jk'^^k2i''^2,V2) is a Calderon-Zygmund singular integral kernel 
on M2 and hence (|3.26p holds. The claim is concluded. 

3.3.4 The Littlewood— Paley estimate on Mi and Carleson measure estimate on 

M2 

In this subsection, we deal with {g,Tf)case 2.4- We first write 
VIII{xj' ,Xj' ,xij^,xi^) 

^1 ^2 
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= - / Dk'{xj:,ui)Du{xj>,xi2)K{ui,U2,vi,V2)Dkj^{xj>,xi^)Dk^{v2,xi2)duidu2dvidv2 

j ^ 1 2 1 

= - ^ifc'i -Dfe2 ( ) * 1 ) (a; , a;72 ) Djfci (x j/ , x/i ) Djfc/ (x , x/j ) . 

We would like to point out that the partial adjoint operator T appears and will play a crucial 
role in the estimate for {g,Tf)case 2.4- This is why T and T* have to be taken into account in 
the proof of the sufficient conditions of the product Tl theorem. 
To estimate {g, Tf)case 2.4 we rewrite 

{9,Tf)casc 2.4 

= - XI XXXX^i(-^i)^i(-^i)^2U2)/^2(/2)i5^(xj^X72)5^^5^^(5)(a;jj,a;jP 

ki<k[k2>k!2 l[ 4 

X ^jfci {xf^ , xi^)DkiDk^ (/) {xi^ , xi^ Dk^ ((f)* 1) {x ^/ , xj^ ) 
= - X X X X ^^ii^'i)Mh)Dk{Sk2{g){xj>^ , xi^)Sk'^Dk2{f){xi!^,xi^)Dk'^Dk^ {{T)*l) (x^/ , x/^), 

k[ k2 l[ l2 

where the operators Sj^./ and Sk^ are defined as in Subsection 3.3.2. 

In order to estimate the last series above, for a BMO{M) function b we introduce an 
operator Wb by the bilinear form {g, Wbf) which equals 

X X X X ^1 {l2)Dk'^ (g) (x^/ , ) S'fc/ Dk^if) (x// , x/^ Dfea (&) (a;^^ , x/^ ) . 
fe; ^2 /; /2 

It is easy to see that when b = (f)*l G BMO{M), then (5,11^6/) = -{g,Tf)casc 2.4- Thus, 
wc only need to show that for each b € BAIO{M) the operator Wb is bounded on L^, which 
would imply that \{g,Tf)case 2a\ < C'H/lbllfl'lb- For this purpose, following an idea in [J] and 
interchanging the positions of functions / and b we define the operator Vf{b) = Wb{f ) and will 
prove that for each fixed / G L°° the operator Vf is a Calderon-Zygmund singular integral 
operator and bounded on L^. Moreover, there exists a constant C independent of / such that 
for all be L'^, 

\\Vfm2<c\\f\u\b\\2. 

Furthermore, we will show that Vf satisfies the conditions in Theorem C below in Section 4 
and thus, Vf is also bounded on BMO{M) satisfying 

\\Vfib)\\BMO<C\\f\U\b\\BMO. 

We can rewrite the above estimate by 

\\Wb{f)\\BMO < C||/||oo||6||bmo 

for each b G BMO(M) and all f € L°^. 

This means that for each b G BMO{M) the operator Wb is a bounded operator from L°° 
to BMO{M). Similarly, the operator W^, the adjoint operator of Wb, is a bounded operator 
from to BMO{M) since Wb and W^ satisfy the same conditions. Finally, by the duality 
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argument and interpolation, is bounded on and hence, as mentioned, the biUnear form 
{g,Tf)case 2.4 is bounded by the constant times ||/||2||5'||2- 

To achieve this goal, we will show that for each fixed / G L°°, V/ is a Calderon-Zygmund 
singular integral operator as defined in Subsection 3.1 and moreover, there exists a constant C 
independent of / and h ^ LP' such that 

|IW)||2<C7||/||oo||6||2. 

We first prove that V/ is bounded on L^. To this end, for 5 G L^, we write 

{9,Vf(h)) 

= XI m XI ^1 (^2 Sk^ (g) (Xj/ , xi^)Sk'^ (/) (xj/ , r>fe2 [b) (x^/ ,xi^). 

k[ k2 i[ I2 

Note that if / G then S"^/ {f){xj' , •) is also a bounded function on M2 for fixed k'l and l[ 
with 

\\S,'^if){Xi'^,-)\\oo<C\\f\U 

Thus, fi2{l2)\Dk2{S^' {f)ixj',-)){xi2)\'^ is a Carleson measure on M2 x k2 uniformly for all 

and Xj' £ Mi. Therefore, 
^1 

\{g,Vf{b))\= J^J^wUl) ^5;M2(/2)5fe(5fc,(5)(a;,,,-))(x/,)Dfc,(D,;(6)(x,,,-))(x/J 

k[ l[ fe2 T2 

x5fe,(5,,(/)(a;,,,-))(x,,) 
<^^IJ'i{h)\\DkA9){xj'^,-)\\L2(^M2)\\Dk[{b){xj^^^ 



•)lli.(M.)) 



1/2 



^(M2) 



1/2 



<c 



l°°(m)IIs'IIl2(m)II"IIl2(m)' 



which, by taking the supremum for all ||g'||2 < 1, implies that Vf is bounded on Lp{M) with 

\\Vi\\L2^L^<C\\f\\L^. 

To verify that V/ is a Carlderon-Zygmund singular integral operator as defined in Subsec- 
tion 3.1, we can consider V/ as a pair ((V/)i, (^/)2) of operators on M2 and Mi, respectively, 
such that 

(51 <^g2,Vfhi (g)/i2) = J J gi{xi){g2,iVf)i{xi,yi)h2)hi{yi)dxidyi 
for all gi, hi G Cq (Mi) and 52, ^2 £ (M2) with supp^fiflsupp/ii = and 

(51 ® 52, ^/^i ® ^2) = J J g2ix2){gi, (V/)2(x2, y2)hi)h2{y2)dx2dy2 
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for all gi, hi G Cq (Mi) and 52, ^2 € Cq (M2) with supp^2nsupp/i2 = 0- 

It suffices to show that {Vf )i{xi,yi),i = 1,2, satisfies the properties {i), [ii) and {in) in 
Subsection 3.1. We need only to verify (V/)i(a;i, yi) since the estimates for (V/)2(a;2, 2/2) are 
similar. 

Note that for any fixed xi,yi on Mi, (V/)i(.xi, yi) is an operator on M2 associated with the 
kernel (V/)i(xi, yi)(x2, 2/2) which is equal to Vf{xi,X2,yi,y2)- We recah that ||(V/)i(xi, ?/i)||cz 
= ll(^/)i(a;i,2/i)||L2(M2)^L2(M2) + l(V/)i(xi,yi)|cz(M2)> where |(Vy)i(xi,?/i)|<:;z(M2) is the small- 
est constant that the inequalities (a), (6) and (c) in Subsection 3.1 holds for the kernel 
{Vf)i{xi,yi){x2,y2) when Xi, yi are fixed and X2, y2 € M2. Therefore, to verify that (V/)i(xi, yi) 
satisfies the properties {i), {ii) and {Hi) in Subsection 3.1, all we need to do is to show the 
following estimates: 

(I) \\{VMxuyi)h-^L^<C\\f\\Lo 



V{xi,yi) 

(II) \\{Vf)i{xuyi) - {Vf)i{xi,y[)\\L2_L2 

< CUh'^^i^T^Yvr—^ '^^(^I'^'i) ^ di{xi,yi)/2A. 

^di{xi,yi)J V{xi,yi) 

Similarly for interchanging xi and yi; 
(HI) ||(V,),(.„„)fe,.,)| <C||/||,„,jf,^^^^; 

(IV) \\{Vf)i{xi,yi){x2,y2) - (V/)i(xi, yi)(x2, ^2)! 

< g|l/llL-(M) W ^ ^ ^ d2{x2,x'2) < d2{x2,y2)/2A. 

L W)V{xi,yi)\d2{x2,y2)^ V{x2,y2) 
Similarly for interchanging X2 and ^2; 

(V) ||(V/)i(xi,2/i)(x2,2/2) - {Vf)i{x\,yi){x2,y2)\ 

/ di(xi,xi) \£ 1 1 



< ^II/IIloo(m) L ' TTF^ V if < di(xi,yi)/2A 

^ ^^^^Adi(xi,yi)/ F(xi,yi) F(x2,y2) 

Similarly for interchanging xi and yi; 
(VI) \[{Vf)i{xuyi){x2,y2)-{Vf)i{x[,yi){x2,y2)]-[{Vf)i{xi,yi){x'2,y2)-{Vf)i{x[,yi){x'2,y2)]\ 

<r\\f\\ / <ii(xi,xi) y 1 / d2(a:2,4) y 1 

- ll-^ll^-(M)Ui(xi,yi)v' F(xi,yi)Vd2(x2,2/2)^ V{x2,y2)' 

Similarly for interchanging X2 and y2, or interchanging xi and yi. 
To see (I), for fixed xi,j/i G Mi we have 

||(V/)i(xi,?/i)||i2^i2 = sup sup |(/i2, (V7)i(xi, 2/1)32)1 

52: ||g2||i2(M2)^l '^a- ll'»2|li2(M2)^l 



sup sup 

92- llfl2||i2(M2)^l '^a: ll'*2|lz,2(M2)^l 



^1 (^1 ) (^1 ' ^4 ^^'^i (^/i ' ^ 
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[XlX]^2(/2)5'fc2(/i2)(x/2)L>fe2 {g2)ixi^)Si,,^Dk^{f){xj!^,Xl^ 

h2\\L2(M2)\\92\\L'2{M2) 



fc2 I2 

< CII/IIlcx, sup sup 

92: ||32|li2(M2)<l '^a: |l/^2!li2(M2)<l 



<CII/Ih 



1 



(3.27) 



where in the first inequality we first apply Schwartz's inequality and then use the Littlewood- 
Paley estimate on for ^2 and the fact that if / € then /i2(-/^2)|-Dfc2 ('S'fc^/)(xy , x/j)!^ is a 
Carleson measure on M2 x k2 uniformly for all k[ and all Xji G Mi. Moreover, The Carleson 
measure norm of /i2(-^2)|-Dfc2 ('S'fc^/)(a;j' , x/j)^ is bounded by some constant times ||/||loo. The 
last inequality follows from the standard estimate. 

To verify (II), for di{yi,y[) < di{xi,yi)/2 and \\g2\\L^{M2)^ II^2||l2(M2) < 1> 

\{h2,[iVMxuyi)-iVMxi,y[)]g2)\ 



[ 5Z 2Z ^2 (^2 ) 5'fe2 ( /l2 ) (2;/2 ) I)fc2 (52 ) (2;/2 ) S'fc/ L>fe2 (/) (^/( ) ^/2 



k2 h 



Applying the smoothness property of Dy^{x ^1 ,yi) and the same proof above for the second 
series yields 



\{h2, [(^/)i(^i,yi) - {VfU^uyi)]92)\ < c\\f\\L^ 



di{yi,y'i)Y 1 



^di{xi,yi)J V{xi,yi)' 
which, by taking the supremum over all 115211x2(^^2)' II^2||l2(M2) ^ 1 implies 



di{xi,yi)J V{xi,yi)' 



(3.28) 



Similarly, p.28p holds with interchanging xi and yi. 

We now turn to estimate (III). This follows directly from the following standard estimate. 

\{Vf)i{xi,yi){x2,y2)\ 

- XlX]X]X]^l(^l)^2(/2)|5fei(xi,X^/)5fc2(x2,X72)||5'fc/5fc2(/)(2;7(,a:/2)| 
k[ k2 l'^ h 

X I ^fe'i (^/^ yi ) A2 (2^/2 ' 2/2 ) I 

< X] X] X] X] ^1 (-^1 (^2 ) 1 (xi , Xj-/ ) Dfc/ {xjf^,yi)\\Sk2 {x2 , xi^)Dk2 (x/2 ,2/2)1 

k[ l[ I2 



-^"^"^°°(*^)n^i,2/i)n^2,y2)' 



(3.29) 
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To estimate (IV), for d2{x2,X2) < ^2(^:2, 2/2) we write 
\{Vf)i{xi,yi){x2,y2) - (yf)i{xi,yi){x'2,y2)\ 

- ^^^^^^^(^l)^^'i(^'2)\^k[{xl,XJ>J[Sk2{x2,XI^) - Sk2{x'2,xi^)]\ 
k[ i[ h 

xlSk'^ {f){xi'^ , x/2 ) 1 1 Dfc/ (x^/ , yi ) Du^ {xi^ , y2 ) | • 

We claim that S'fcj (x2 , x/j ) , which is defined in Subsection 3.3.2, satisfies the following smooth- 
ness estimate. 

\Sk2{x2,xi^) - Sk2{x'2,xi^)\ (3.30) 

< ^/ d2{x2,x'^) Y 1 / 2-^^ Y 

- \2~^^ +d2{x2,Xl^)) V2-k^{x2) + V{x2,xi^)\2-^^ + d2{x2,Xl^)) 

ioT £ < d and d2{x2,x'2) < (2^'^^ _|_ d2{x2,xi^)) /2. We assume (|3.3U|) first and then obtain 

|(V7)i(xi,yi)(x2,y2) - (V/)i(xi,yi)(x2,y2)| (3.31) 

<r7llfll ^ / d2(x2,x;) y 1 

- ll^ll^°°(M)y(xi,yi)V<i2(x2,y2)v' V{x2,y2y 

Similarly, (j3.3ip holds with interchanging X2 and y2- The estimates in (j3.29p and (|3.3ip imply 

\{VMxr,yi)\cz < ^II/IIl^(m) (^.32) 
Next, we turn to verify the estimate in (V). For di{xi,x'i) < di{xi,yi)/2A We write 
{Vf)i{xi,yi){x2,y2) - {Vf)i{x[,yi){x2,y2) 

= ^^^^t^^ih)f^2{l2)[Dk'^{xi,Xj>^) - Dk>^{x[,Xj>J]Sk^ {X2 , ) S'fe/ Dkiif) {xi'^ , ) 

k[ k2 i'^ h 

xDk[{xj'^,yi)Dk2{xi2,y2)- 

As in the proof of (3.32), instead of using the smoothness estimate for 5^3(^2, x/2), applying 
the smoothness condition of Dy^ , we get 

\{Vf)i{xi,yi){x2,y2) - (V/)i(xi,yi)(x2,y2)| (3.33) 

<rilfll ( di{xi,x[) Y 1 1 

- ll-'llL-(Af)l,di(xi,yi)y' V{xi,yi)V{x2,y2)' 

Similarly, (j3.33p holds with interchanging xi and yi. Finally, to see (VI), for d2{x2,X2) < 
d2{x2,y2)/^A we have 

I [{Vf)i{xi,yi){x2,y2) - (V7)i(x'i,yi)(x2,y2)] - [{Vf)i{xi,yi){x'2,y2) - (V/-)i(xi, yi)(x2, ^2)] 

= \ ^^^^f^^(h)fJ'2{h)[Dk[ixi,Xj>^) - Dk'^{x[,Xj>^)][Sk2ix2,xi.,) - ^^^(xa, x/J] 
k[ k2 i[ h 
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< 



'di{xi,x[)Y 1 fd2ix2,x'2)Y 1 



yi)/ V{xi,yi)\d2{x2,y2)^ V{x2,y2) 



(3.34) 



where in the last inequahty we use the smoothness property of Dj^'^ and ()3.30p . Similarly, (j3.34p 
holds with interchanging X2 and 7/2 or xi and yi. 
All the estimates of (|3.33p and (|3.34p give 



I [(^/)i(a;i,yi)(a;2,y2) - iVf)i{x[,yi)ix2,y2)]\(jz 
<r\\f\\ ( di{xi,x[) Y 1 



(3.35) 



Similarly, (j3.35p holds interchanging xi and yi. 

As a consequence, (|3.32p and (j3.35p yield that {Vf)i{xi,yi) satisfies the properties (i), 
(a) and {in) in Subsection 3.1. It remains to show the claim, that is, the estimate in (I3.30p . 
Indeed, when d2(x2,x/2) < 2"'^^ ^nd di{x2,X2) < (2^^^ + ^2(^2, x/2))/2, we have 

\Sk2{X2,Xl2) - Sk2{x'2,Xl2)\ 

Z]/'(^2)^fc;(^2,x^;)5^^(a:^;,x/2) 
Y X]^(-^2)-Ofe;(4>a;^p5fci(x^^a;/2) 

k'2<k2, d2ix2,xj^)<2~''i ^2 



k'2<k2, d2(x2,Xi )<2'''=2 



d2{x2,x'2) 



1 



2-^2 



< C 



d2{x2,X2 



2-^=2 + d2{x2,Xl2)^ \-k'^ (2^2) + V{X2,XI^) V2-4 + d2(x2, X/2) 

( 



2" 2 

1 / 2-^^ 



2 '^^ + d2{x2,Xl2)J V2-k2{x2) + V{X2,XI2)\2 ''^ + d2{x2,Xi2 



Next, we consider the case when d2{x2,xi^) > 2 ^nd ^2(2^2; 3^2) < (2 ^"^ + d2{x2, xi2))/2. In 
this case, using the identity (13.25p . we obtain 

YI 5^/^(^2)^4(^2,2;^;)5^^(x^;,x/2) 

k'2<k2,d2{x2,xi2)>2-''2 l'^ 

Y Zl^(^2)^fc;(4,2;^p5fc;(2;4,2;/2) 

k'2<k2,d2(x2,xi2)>'2-''2 4 

Y I^/^(^2)^4(a:2,a;j;)5^^(/i)(xj;,x/2) 

fc2>'=2,rf2{a;2,X/2)>2-'=2 

Y 5^^(^2)^fc;(4,2;^^)5fc;W(3;4,3;72 

A:2>fc2,c(2(a:^2,a;/2)>2"*2 

^2(^2, 4) ^^ 1 / 2-^=2 



< 



2->'^ +d2{x2,Xl2)J V2^k2{x2) + V{x2,Xl2) V 2-^2 + ^3 (2^2 , ^^/^ ) 
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which imphes the claim. 

Now we have proved that Vf is a product Calderon-Zygmund operator with || V/||j;,2^j;,2 < 
In order to apply Theorem C given in next section to show that Vf is bounded on 
BMO{M), we only need to verify that (Vy)i(l) = (Vj)2(l) = 0. To do this, wc would like to 
recah the definition of ri(l) = T2{1) = and (r*)i(l) = (r*)2(l) = as defined in Subsection 
3.1. ri(l) = is equivalent to (51, (52,^2/2)!) = for all 51 G C^'o(^i) and /2,52 G Co^(M2), 
that is, for gi G CQQ{Mi),g2 G Cqq{M2) and almost everywhere y2 G M2, 

jj g{xi)g{x2)K{xi,X2,yi,y2)dxidx2dyi =0. 

While Ti*(l) = means (52, 22/2)*! = in the same conditions, that is, for gi G Cqq(Mi),52 £ 
Cqq(M2) and almost everywhere X2 G M2, 

J J 9iyi)9iy2)K{xi,X2,yi,y2)dxidyidy2 = 0. 

To verify (V/)i(l) = 0, for gi G Cqq(Mi),5'2 G Cqq(M2) and almost everywhere 2/2 G M2 we 
have 

JJ gixi)g{x2)Vfi xi,X2,yi,y2)dxidx2dyi 

= jj 9{xi)g{x2)Y^^^^ixi{l[)iJ.2{h)Dy^{xi,Xj,^)Sk2{x2,xi^) 

k[ I[ k2 I2 

xSk[Dk2{f){xr^,xi^)Dk'^{xj>^,yi)Dk2{xi^,y2)dxidx2dyi = 0, 

where the last equality follows from the fact that J -D^/ (x^i , yi)dyi = 0. Similarly for (Vj)2(l) = 
0. As mentioned, we conclude that \{g,T f)case2A\ < C||/||2||5'||2- 

The proof of the sufficient conditions for Theorem A is complete and hence the proof of 
Theorem A is concluded. 

4 Tl-type theorems on and CMO^ 

In this section we prove the Tl -type theorems on and CMO'p, namely the following 

Theorem B Let T be the bounded product Calderon-Zygmund singular integral operator 
on M with a pair kernel (i^i, K2) satisfying the conditions (i), (ii) and (in) in Subsection 3.1. 
Then T extends to a bounded operator from HP{M), max {g^p^, Q^fe^) < P < to itself if 
andonlyif (r*)i(l) = (r*)2(l)=0. 

Theorem C Let T be the bounded product Calderon-Zygmund operator on M with a pair 
kernel (Ki,K2) satisfying the conditions (i), (ii) and (ii) in Subsection 3.1. Then T extends 
to a bounded operator from CMO^(M), max ( 2Q^+^i ' 2^+^) < P < 1; to itself, particularly 
from BMO{M) to itself, if and only if ri(l) = r2(l) = 0. 

We first remark that the range of p in Theorems B and C could be smaller if the smoothness 
of a pair kernel {Ki,K2) and the cancellation conditions of T both are required to be higher. 
We leave these details to the reader. 
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As mentioned in Section 1, we will first prove the "if" part of Theorem B. This will be 
achieved by applying the almost orthogonal argument, the Plancherel-Polya inequality and 
atomic decomposition of HP{M) for the vector- valued product Calderon-Zygmund operators. 
The "if" part of Theorem C then follows from the "if" part of Theorem B by the duality 
argument. We emphasize that Lemma 4.1 below plays a crucial role in this proof. To show the 
converse, we will prove the "only if" part of Theorem C first and the "only if" part of Theorem 
B then follows from the duality argument directly. 

4.1 "If" part of Tl theorem on 

To show the "if" part of Theorem B, note first that L'^r\HP{M) is dense in HP{M), see [HLL2] 
for this result, and thus it suffices to prove that if T is the bounded product Calderon- 
Zygmund operator on M with a pair kernel {Ki,K2) satisfying the conditions (i) - {Hi) and 
(T*)i(l) = (T*)2(l) = then there exists a constant C independent of / such that 

WrfWrn < CWfWn. 

for all / G L^nHP{M). 

by Proposition 2.14 this is equivalent to show 

\\S{Tf)\\,<C\\f\\H., (4.1) 
where, as in Definition 2.11, S{f) is the Littlewood-Paley square function of / given by 

^(T/)(xi,X2) = { E . (4.2) 

fe^=— oo ^2 = — °° 

To show the estimate in (j4.ip . as in the classical case, we introduce the Hilbert space "H. by 

f oo oo -|^^2 ^ 

A;j^=— oo /C2=— oo 

Then we can write the estimate in ()4.ip by 

||Z),/D,,(T/)(xi,X2)|Lp^ <C||/||hp. 
The crucial idea is that for f £ L^, hy the discrete Calderon identity 



oo oo 



f{xi,X2)= ^ J2 X]X]/^l(^l)/^2(/2)-Dfc,(xi,X/jL'fc2(x2,X/2)Z)fciL'fc2(/)(2;/i'2;/2)) 
A;i=— oo A;2=— oo Ii I2 



we can write 

00 00 



D,,D,,{Tf){xi,X2)= E EE/^i(^i)^2(/2) 

fcl=— 00 fc2 = — 00 II I2 

X ^fc'i DyTDk^ ( • , X/ ^1)^2 (• , X/2 ) (Xl , X2 ) 5fc2 (/) i^h ^^h): 

where the fact that T is bounded on is used. Therefore, the estimate in ()4.ip is equivalent 
to 

\K[,k'Sf'^\yn<C\\f\\m, (4.3) 
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where 

oo oo 
fci=— oo fc2=— oo Ii I2 

xDk^bk.^{f){xi^,xi^). 

The estimate of (j4.3p . however, means that the ?^-valued operator C^i ^1 is bounded from to 
the L'P and hence, as in the proof of Theorem 3.6, we can apply atomic decomposition. For this 
purpose, we need to show that £, / , / is a bounded ?^-valued product C alder 6n-Zygmund 
singular integral operator whose pair kernel ((/^^' ^1)1, {C^i ^Oz) satisfies the condition (i) - 
{in) in Subsection 3.1 with the absolute value replaced by % valued. The estimate in ()4.3p 
then follows from the same proof of Theorem 3.6 with replacing the absolute value, LP' norm 
and Calderon-Zygmund norm by || • ||-^, || • ||^2^ and || • HczCH); respectively. This implies that 
(j4.ip holds and hence the proof of the "if" part of Theorem B is concluded. 

The L? boundedness of the ?^-valued operator C^i ^1 follows directly from the product 
Littlewood-Paley estimate (see Proposition 12.141 and Theorem I2.12p and the Lp boundedness 
of the operator T. Indeed, 

Vk'k'M\v^ =||5(r/)||2<c||r/||2<c||/||2. 

To show that £, / , / is a ?^-valued product Carlderon-Zygmund singular integral operator 
as defined in Subsection 3.1, we can consider, as mentioned, C^i ^1 as a pair ^' )i, (>C^' 
of operators on M2 and Mi, respectively. It suffices to show that i^')i{xi,yi),i = 1,2, 
satisfies the properties (i) - (ii) in Subsection 3.1. We need only to verify ^/ yi) since 
the proof for ) 2 (2^2, 2/2) is similar. 

Note that 

= ll('^fc;,4)i(^i'yi)llL|,(M2HL|,(Af2) + \(^k[,k'Ji(^^^y^)\cz{n){M2y 

where fc.' yi)lcz(-H)(M2) smallest constant that the inequalities (a), (6) and (c) 

in Subsection 3.1 holds in the sense that the absolute value is replaced by ^-value for the 
kernel (Cj^i i^i)i{xi,yi){x2,y2) whenever xi,yi are fixed and a;2,y2 £ M2. Therefore, to verify 
that ^/)i(a;i,yi) satisfies the properties (i) - (iii) in Subsection 3.1, all we need to do is to 
show that for < e' < e there exists a positive constant C = C(e') > such that: 

(I) l|(^.;,.^)l(-l'yi)|lL|,(A./2HL|,(M2) ^^7(^5 

(II) - (^k[,k'M^^^y'i)\\L^^ 

^^/ di(yi,yi) y 1 d,{y,,y[)<di{x,,y,)/2A. 
Vdi(xi,yi)/ V{xi,yi) 

Similarly for interchanging xi and yi; 

(III) |(/:^/ f^')i{xi,yi){x2,y2)\n < C—^ \T7r~ \' 

"I'^a V{xi,yi)V{x2,y2) 
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(IV) |(/:^/_^/)i(xi,yi)(x2,y2) - (/:fc^ ;,/)i(xi,yi)(x2, 2/2)1 



Similarly for interchanging X2 and 7/2; 

l('Cfc;,fc;)i(2^i'yi)(^2,y2) - (£;,^_^,^)i(xi,y^)(x2,y2)lH 

Similarly for interchanging xi and yi; 

(VI) [(''^fc;4)l(a^l>yi)(a^2,y2) - (£fc^^fc^)l(xi,yi)(x2,y2)] 

[('^fc;,4)i(^i'yi)(^2,y2) - (^fe;,fc;)i(2;i,2/i)(a::2,y2)] ^ 
^f di{yi,y'i) y' i / rf2(y2,?/2) y' i 

^ \di{xi,yi)J V{xi,yi)\d2{x2,y2)^ V{x2,y2) 

if di{yi,y[) < di{xi,yi)/2A and ^2(2/2,^2) < ^2(^:2, 2/2) /2^. 

Similarly for interchanging Xi,yi and X2,y2, respectively. 

Note that for any fixed xi, 2/1 on Mi, (£^/ ^/ )i(xi, 2/1) is an operator on M2 associated with the 
kernel f.')i{xi,yi){x2,y2) which is equal to ^' (xi, X2, 2/1, 2/2)1 the kernel of the vector- 
valued operator ^/ , given by 

'^fc;,fc;(^i'^2,2/i,2/2) (4.4) 

= E E EE/^i(^i)^2(/2)i?fcji^fc^mii?fc2(^i 

, X2, x/j , xi^)Dki (x/j , 2/i)£'fc2 (a^/2 ' ^2)- 

fcl= — 00 ^2 = — CXD II I2 

We now first prove (//). The proof for (/) then follows similarly. Note that 

ll('^fe;4)i(^i'yi)-('^fc;,fc;)i(^i'yi)|| 

2 \ 1/2 

-^t/ t,' (2;i,X2,2/i,2/2j - -^t,' i.'(2;i,X2,2/i,2/2jJ/(2/2)rf2/2 

'M2 

By the definition of the operator C^i ^1 as in ()4.4p . we write 

['^fc;,fc;(^i' ^2, 2/1, 2/2) - Cf^'^ j^>^{xi,x2,y'i,y2)]f{y2)dy2 

/oo 
E E /^^i (^1 )-^fei (2^1 , ni ) Dfc/ (x2 , U2)-?ir(ui , ti2 , ui , U2 ) Dk^ {vi , x/i ; 

fci=— 00 Ii 

X [Dfc^(x/i,2/i) - Dk^{xi-,,y[)]f{v2)duidu2dvidv2, 



sup (/ / [A/ .'(xi,X2,2/l,2/2) - A' A.'(3;i,2;2,2/i,2/2)]/(2/2)<i2/2 dx2) 



A'/2 
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where we use the discrete Calderon's identity on M2 for the function / in the above equahty. 
Applying the Littlewood-Paley estimate on M2 yields 



00 00 



2 N 

i^k' fc'(3;i'3;2,yi,y2) -^fc'j,'(a;i,x2,yi,y2)]/(y2)c?y2 dx2] 

1 ' 2 1 ' 2 l~i / 



1/2 



/ ^feu / y y /ii(/i)i:>^(xi,ui)/s:(ui,-,vi,'(;2)i5fei(vi,x/i; 

fcj =— 00 /C2 = — 00 ''I— °° -"l 

X - Dk^{xi^,y[)]f{v2)duidvidv2 j {X2) da 

E / / E E'"i(^i)^m(^1'^i)^("i 



X [-Dfci (x/^ , yi) - (x/, , y'j] f {V2)duidvidv2 



1/2 



(4.5) 



Now we claim that for any fixed k'^ and e' with e' < e there exists positive constant C 
such that for di{yi,y'i) < di{xi,yi)/2A and ||/||2 < 1, 

y E '^f^iih)Di,'^{xi,ui)K{ui,X2,vi,V2)Dk^{vi,xi^) 



fci=— 00 /i 



< C7 



X [^fci {xh ,yi) - (x/i , y'l)] f {v2)duidvidv 
di{yi,y'i)Y' 1 



dX': 



1/2 



-k[ ixi) + V{xi,yi) ^2-^1 +di{xi,yi) 



2-fei 



(4.6) 



Assume that ()4.6p holds. Inserting ()4.6p into ()4.5p together with the following standard 
estimate 



E 



di{yi,y'i] 



2e' 



1 



A.; 2 



2-'=i 



^2-<(^i) ^2-^1 +(ii(a;i,yi) 

di(2/i,yl)\2^' 1 



2e' 



< c 

\di(xi,yi)y V'^{xi,yi) 
yields that for di(yi,y'i) < di{xi,yi)/2A and ||/||2 < 1, 



Ah 



2 N 

['^fe;,fc;(^i' ^2,^1,2/2) - >C^/_^/(xi,x2,yi,y2)]/(y2)c?y2 ^'^^2j 



< C7 



A/2 

'^i(yi,yi)\=' 1 



1/2 



^rfi(a;i,yi)^ V{xi,yi)' 

which implies (//). 

In order to show the estimate in (j4.6p . we will apply the almost orthogonal argument. For 
this purpose, we first write 

Jj^j J E '^f^iih)Dk'^{xi,ui)K{ui,X2,vi,V2)Dk^{vi,xi^) 



ki=—oo Ii 
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X [Dki{xi-,,yi) - Dk^{xi^,y[)]f{v2)duidvidv2 



dx2^ 



sup 



/oo 
X] t^'^i^^)^k[{xi,ui){h, Ki{ui,vi)f) {vi , ) 



fci=— oo II 



[DkA^h^yi) - Dk^{xi^,y[)]duidv^ 



Note that, as in Subsection 3.3.1, the condition that (T)^(l) = imphes that for ki > /c^ we 
have the following almost orthogonal argument that for ||/||2 < 1 and \\g\\2 < 1, 



Dy^ {xi,ui){h,Ki {ui ,vi)f)Dk^ {vi , X/, )duidv] 



y^-k'^{xi) + V^-u[{xi^) + V{xi,xi^) {2-k[ +di[xi,xi^)y' 
This, as in Subsection 3.3.1, leads to the following decomposition 

/oo 

ki=—oo Ii 

X [Dk^{xj-^,yi) - Dki{xj^,y[)]duidvi 
= :E + F, 



(4.7) 



where for fixed k'^, E corresponds to the summation over ki > k'^ and F for ki < k'^. 

It suffices to show that \E\ and \F\ both are bounded by the right-hand sides of (j4.6p . To 
do this, for 2di{yi,yi) — ^"'^^ '^^ write 



\E\ 



^ ^ /ii {Ii)Dy_^ (xi ,ui){h,Ki (ni , vi)f)Dk^ {vi , xj^)dui dv] 

ki>k[ h 

[Dkj{xh,yi) - Dk^{xi^,y[] 



Applying the almost orthogonal estimate as mentioned above and the size properties of 
Dkiixi^,yi) and Z)fc^ (x/^ , y^), we obtain that for ||/||2 < 1 and \\g\\2 < 1 the last term above is 
bounded by 



'(fci-fci)e 



ki>k[ h 



^2-4 (xi) + V{xi„xi) ^2-''i +di{xi,Xl,) 



1 



2-ki 



V2-H (yi) + V{xH,yi) V 2-^=1 + di(x/i,yi) 
1 / 2-^^ 

+ 



V2-h{Vi) + V{xi,,y[)\2-^^ + di{xi,,y[) 



Note that 



E E/^i(^i)2' 

ki>k[ ^1 



-(A;i-A;j^)e 



^2-<(^i) + ^2-'=^ +di{xi,Xl^) 
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1 



^2-^1 (yi) + y{xh , yi) ^ 2-^=1 + di{xi^ , yi) 

1 / 2-^1 



1 / 2-'=i N£ 



V-^i (yi) + 1/(^1 , yi ) V + di (zi , yi) 

< c 



1 / 2-^=1 



Thus, for 2a!i(yi,y;) > 2-^=1, 



1^1 <c 



where we use the facts that 2d\{y\^ y^) > 2^^i and if d{yi,yi) < di{xi,yi)/2A then there exists 
a positive constant C such that C~^di{xi,yi) < di{xi,y[) < Cdi{xi,yi). 

Whenever 2di{yi,y[) < 2''^^ and if di{yi,y[) < ^{2^^^ + di{xi^,yi)) or di{yi,y[) < 
2^(2~'^i + di{xij^,yi)), then applying the almost orthogonal estimate as mentioned above and 

the smoothness condition for [Dkiixii,yi)—Dkiixii,y'i)] yields that for ||/|| 2 < 1 and II5II2 < 1, 



^ ^2-k[i^^) + + V2-fe; + di{xi,xj,] 

-b-'^i V^-k.ixi,) + V{xi,,yi)\2~''^ + di{xi„yi) 



+ 



2-'=i + di {xi, ,y[)J ^2-^1 i^h ) + ^(a^/i , y; ) V 2-^^! + di {xi, , y[) 
di{yi,y[)Y' 1 / 2-^^'! 



f i::^ V 

2-''i ^ y k[(xi) + yixi,yi)^2-''i +di{xi,yi)^ 



2^ 

where the fact that C~^di{xi,yi) < di{xi,y'i) < Cdi{xi,yi) is also used. 

The proof for 2di{yi,y[) < 2-'=i, di{yi,y[) > jj{2-''^ + di{xi^,yi)) and di{yi,y[) > 
jj{2~^^ + di{xjj^,yi)) is same as for 2di{yi,yi) — 2"^^!. This implies that is bounded by 
the right-hand side of ()4.6p . 

We now show that |F| satisfies the same estimates as \E\ does. To this end, again as in 
Subsection 3.3.1, we decompose F as 

^ = j E '^f^ii^i)^k[{xi,ui){h,Ki{ui,vi)f)[Dk^{vi,xi^) - Dk^{xi,xi-,)] 

ki<k[ h 

X [Dk^{xi^,yi) - Dk^{xi^,y[)]duidvi 

+ E '^f^ii^i)^k[ixi,ui){h,Ki{ui,vi)f)Dk^{xi,xi^) 
ki<k[ h 
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X [Dk^{xj^,yi) - Dki{xi^,y'i)]duidvi 
= Fi + F2. 



Note that when ki < k'l we have the following almost orthogonal estimate that for ||/||2 < 1 
and \\g\\2 < 1, 



1 2~'=i^' 



V^-k^ixi) + V2-h{xi,) + V{xi,xi,) +di{xi,xi^)y ' 
Therefore, Fi satisfies the same estimate as E. To estimate F2, we rewrite it as 

^2 = 1 XI '^l^iiIi)^ki{xi,xi^)[Dkj^{xi-,,yi) - Dki{xij^,y[)] 

X J Dy^ {xi,ui){h,Ki{ui,-)f){l)dui 
= \Sj^>^{xi,yi) - Sj^>^{xi,y[)\ J Dkf^{xi,ui){h,Ki{ui,-)f){l)dui , 

where for xi,yi G Mi, Sk'^{xi,yi) = Y.^^^,^'^Y.:-^IJ-i{h)Dk^{xi,xi^)Dk^{xi^,yi) and similarly 

for S]^i^{x\,y'i). Note that Ski^{x\,y\) and Ski^{xi,y'i) satisfy the size and smoothness properties 
as proved in Subsections 3.3.2 and 3.3.4, respectively. Similar to the argument in Subsection 
3.3.3, (/i, Ki{ui^ •)/)(!), as a function of ui, lies in BMO{Mi) with || {h, Ki (ui, •)/)(!) II bmo(Mi) 
< C'II/IIl2(M2)II^IIl2(a^2)- Hence j Dy^{xi,ui){h,Ki{ui,-)f){l)dui < C||/||i2(M2)||/i||L2(M2)> 
where the constant C is independent of A;^ and xi since for any k'^ and xi, Dy^{xi,ui) is in 
H^{Mi) with ll-D;,/ (xi, •)||j^i(jvfi) uniformly bounded. As a consequence, we have 

<C|5fe/(xi,yi) - S'fe/(xi,?/i)|||/||i2(M2)||^||L2(M2). 

Thus, applying the size properties of Sy^{xi^yi) and Sy^{xi,yi) for the case A;^ : 2^'^'i < 

2Adi{yi,yi) ^"^^ ^^'^ smoothness properties of Sy^{xi,yi) for the case k^ : 2^^^ > 2A(ii (yi, y^^), 
we obtain that F2 satisfies the same estimate as Fi and then F satisfies the same estimate as 
E and hence, the proof for {II) is concluded. Applying the same proof implies that (//) holds 
with interchanging xi and yi. 

As mentioned, the proof for (/) is similar and easier. Indeed, following the same steps in 
the proof of {I I), we have 



{xi,yi)\\ 



^1 '^2 ^ 



sup 



L2^(M2)^L2^(M2) 



M2 



^k' k' (.xi,x2,yi,y2)f{y2)dy2 



H 



1/2 



00 „ „ 00 

,X2,'Ui,'U2)-Dfci('yi,x/i; 
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2 1/2 



dx2 . (4.8) 



xDk^{xi^,yi)f{v2)duidvidv2 

Then, define E and F similarly as in (j4.7p with Dk^(xij^,yi) — Dk^{xjj^,y^) replaced by 
Dk^{xj-^,yi). Then applying the same proof, we obtain that E and F satisfy the following 
estimate 

1 / 2-^1 

\E\ + \F\ < C- 



^2-4 {xi)+V{xi,yi) \2-^'i + di{xi,yi) 

Inserting the above estimate into (|4.8p implies (I). We leave the details to the reader. 
We now turn to the proofs of (///) - iVI)- 

To verify {III)-{VI), it suffices to show that there exist positive constants C, e and e' 
with e' < e, such that (xi, X2,yi, y2), the kernel of , satisfies the following estimates 

pi)-p4): 

1 2"^i^' 



2 



+ + {2-^'i +di{xi,yi)y' 



1 2-^2 



\-u'S^^) + \-u'.Sy^) + ^(2^2,2/2) {2-^2 + d2{x2,y2)Y' 



{D2) \Cf^'^y^{xi,X2,yi,y2) - Cf^i^j^'^{xi,X2,yi,y'2)\ 

d2{y2,y'2) Y' 1 2-'='i^ 



2-^1 +(i2(x2, 2/2)^ + V^i^^^^^^^""^'^^^ (2-^1 

1 2"''2e 



^2-4 (^2) + V^^^>^ (y2) + V^(2;2, y2) (2-'=2 + ^2(2:2, 2/2))^' 

for ^2(2/2,^2) < 2^(2"''i +^2(2:2, 2/2)); 
(-^3) l-C^^^fe^Ca^i, 3^2,2/1, 2/2) - Cj^'^ f^'^{xi,X2,y'i,y2)\ 

^^1(2/1,2/1) 1 2-<^' 



2-^=1 + 2/1) ^ (a^i) + ^2-4 (yi) + yixi,yi) (2-< + c?i(xi, yi))=' 

1 2"'=2£' 
^2-4 (^2) + V^_,'^ (2/2) + Vix2,y2) (2-4 + d2(x2, 2/2))^' 

for di (2/1, 2/1) < 2^(2~^i +di(xi,yi)); 
(-D4) fc' (2;i,x2,2/i,2/2) - Cf^' i^'{xi,X2,y'i,y2) - (xi,X2,2/i,2/2) + ^k' fc' (^i' ^2, 2/1, 2/2)! 



di(2/i,2/i) 1 2-^1- 



2-^=1 +di(xi,yi)^ "^^-^^^i^^ ^4^^^^ + ^^"^^'^^^ (2-*^i +di(xi,yi))^' 
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Y a2{y2,y2) \ 



^2(^2,%) Y' 1 2-^=2-' 



^2-^=2 +d2(x2,y2)^ ^2-^^ (a;2) + 1^2-'^^ (y2) + ■5^(3:2, ?/2) (2-^=2 +d2(X2,y2)K 

for di{yi,yi) < ^(2-'=i +c?i(xi,yi)) and ^2(^2,^2) < 2^(2"''" + 6^2(3^2, ^2))- 
To show (-Di), as in Subsection 3.3, we will decompose >C^/ (xi, X2, yi, ^2)- To be precise, 
for any fixed integers k[ and k'2 we consider the following cases. 
Case 1. A;^ > ki and > A;2; 
Case 2. /c^ > /ci and k'2 < k2\ 
Case 3. A;^ < /ci and > A;2; 
Case 4. A;^ < ki and k'2 < k2- 
We write 

-Cj.' (xi,X2, 2/1,2/2) 

= ^l' ixi^x2,yi,y2)+^l' {xi,x2,yi,y2) {xi,x2,yi,y2) + ^' {xi,x2,yi,y2), 

where 

-Cfr' I.' ixi,X2,yi,y2) 

1 '2 

= X X XX/^i(-^i)^2(/2)£*fci-Dfc^rZ)fc^I)fc2(xi,X2,x/,,x/j5fci(a;/i,yi)5 

fel<fel fe2<fc2 ■'^l -^^2 

and similarly for the other three terms. 

We first consider , (xi, X2, yi, 2/2)- Following the Case 1 in Subsection 3.3, we decom- 

pose 

Dk[ Dk!^ TDk^ Dk^{xi,X2, xj^ , xj^ ) 

= : I{xi,X2,Xl^,Xl2) + II{xi,X2,Xlj^,Xl^) + III{xi,X2,Xl^,Xl2) + IV{xi,X2,Xlj^,Xl^) 

and then write 

^l' ^'{xi,x2,yi,y2) 

1 '2 

= ^IK' {xi,x2,yuy2) + C}.? , {xi,X2,yi,y2) + ^IK' {xi,x2,yi,y2) + C}/ , {xi,X2,yi,y2), 
where 

^l']^'{xi^X2,yi,y2) = X X Xm'"i(-^i)'"2(i^2)i"(a;i,a;2,a;7i,X72)5fe^(a;7i,yi)5fe2(a;72,y2) 
ifci<ifc'i fe2<fe2 -'^i -^2 

and similar for the other three cases. 

^ As in Subsection 3.3.1, applying the almost orthogonality estimate and the size properties 
of (x/j , yi) and Dk^ {xj^ , 2/2) and following the same proof as in Case 1.1 in Subsection 3.3.1, 
yield 

\Cl\,{xuX2,yi,y2)\ (4.9) 

1 '2 
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< XI l]ll]l/^i(^i)/^2(-f2)|/(a;i,a;2,a;7i,x/2)||L>fc,(x/i,yi)||L>A;2(a^/2>y2)| 

1 2-^1^ 
<; (J 

y^.,[ixi) + V^_^,^{yi) + Vixi,yi) (2-'=i + cli(a;i, yi))^ 

1 2-'=2s 
^2-*2 ^^2) + ^2-.^ (2/2) + V^(a;2, y2) (2-^=2 + d2{x2, y2)y ' 

which imphes that >CV , (xi, X2, yi, ^2) satisfies 

To deal with >CM ,(xi,X2, 2/1,2/2)1 as in Subsection 3.3.2, we write 

ly (xi , X2, xi^ , x/2 ) = D^i^D^,^ {Tl){xi , X2)-Dfci (xi , xi^)Dk^ (x2 , x/j ). 

And then we rewrite 

(^i'^2,yi,y2) 

1 '2 

= X] X] XX^l*^'^l)^2(^2)£'fc^-D^^(Tl)(xi,X2)£>fci(xi,X/jDfc2(x2,X/2) 

fcl<fc^ fe2<fe2 ^1 

X-Djti(x7i,yi)5jk2(x72,y2) 
= (Xi , y\)S^'^ (X2 , y2)-D^'^ Dfc^ (Tl) (Xi , X2 ) , 

where for xi,yi G Mi, 

ki<k[ ^1 

and similarly for 5*^/ (x2, 2/2) on M2. Moreover, as in Subsection 3.3.2, S^^i (xi, yi) and S^i (x2, y2) 
satisfy similar size properties as D^i (xi,yi) and D^^i (x2,y2) do, which implies 

C,\^^.i{xi,X2,yi,y2) < \Sj^'^{xi,yi)Sj^>^{x2,y2)\ 

since (Tl)(xi,X2) G BMO{M) and hence IZ)^/ D^/ (Tl)(xi, X2)| is bounded uniformly for 
ki,k2,xi and X2. This implies that / (xi, X2, yi, y2) satisfies (.Di). 

1 '2 

Similarly, we write, as in the Case 1.2 in Subsection 3.3.3, 

//(xi,X2,X/i,X/2) 

= J Dk'^{xi,Ui)Dk'^{x2,U2)K{ui,U2,Vi,V2) 

x[Dk^{v2,xi2) - Dk^{xj'^,xi^)]duidu2dvidv2 Dk^{xi,xj^) + /^(xi, X2, x/^, x/j) 

= {Dk'^ {X2 ,U2), {Dy^ {Xi,-),K2{U2,V2){1)) [Dk^ {v2 , X/^ ) - Djfcj (X2 , X/j )] ) Dfej (xi , X/j ) 
+/y(xi,X2,X7i,X72). 

Then, we have 

'Cj.)^jt^(xi,X2,yi,y2)= X X ^^l^li^l)l^2{l2){Dk'^{x2,U2),{Dk'^{xi,-),K2{u2,V2)il)) 
ki<k[k2<k2 ^1 -^2 
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X [Dk2 {^2 , a;/2 ) - -Dfca {^2 , xi^ )])-Dfci (xi , xj^ )Dk^ (x/^ , yi)Dk2 {xi^ , y2) 
{xi,x2,yi,y2)- 

Thus, it suffices to verify that the series above satisfies To do this, we write the series 

above as 

E E EE/^l(^l)/^2(/2)(I)fc^(x2,n2),(D,i(xi,-),i^2(n2,t;2)(l)> 

X [Dk2 {V2,xi2 ) - -Dfea {x2,xi2 )])Dki {xi , xi^)Dki {xi^ , yi)Dk2 {xi^ , ^2) 
= E E^2(/2)(-Dfc;,(a:2,'U2),(-Dfci(a:i,-),^2(n2,W2)(l))[-Dfe2(^2,X72) - Dk2{x2,xi^)]) 

k2<k'^ ^2 

xDk2ixi2,y2)Si^'^{xi,yi) (4.10) 

Note that ^^2(^2, ^^2)(1) as a function of ui is in BMO{Mi) with ||-fir2(^2i ^^2)(1)||bmo(Mi) 
bounded by CV{u2,V2)~^ , and that as a function of ui lies in ff^(Mi). More- 

over, K2{u2,V2) is a Calderon-Zygmund kernel on M2 with |-ftr2|cz ^ C* and, by the fact that 
(T*)2(l) = 0, / K2{u2,V2)du2 = 0. As a consequence, we have the following almost orthogo- 
nality estimate that for > k2 

I {Dk'^ {X2 ,U2), {Dk'^ (Xi , •) , i^2 (^2 , f 2) (1)> [Dk2 {V2 , X/j ) - I^fcj (X2 , )]) | 

1 / 2-*^2 



< C|K2|cz2"^''2"''')^' ( 



^2-^2 (3^2) + V2-k2{xi^) + y(x2,X/2) V2 + d2{x2,Xi^ 

which together with the side condition of 1)^2(^/2)^2) implies that the right-hand side of the 
equality (|4.10p is bounded by 

1 / 2"''2 \£ 

C\K2\czTj 7 — ^— TT , X , T^/ \\ — 7' \Sjixi,yi)\. 

This together with the side condition of S^i {xi,yi) implies that the right-hand side of the 
equality (|4.10p is bounded by the right-hand side in (Di) and hence Ch"^ , (xi, X2, yi, ^2) satis- 
fies (Di). Similarly, , (xi, X2, 2/1, 2/2) satisfies (-Di). We conclude that C]^/ / (xi, X2, yi, 2/2) 
satisfies (Di). 

Now we turn to / (xi, X2, 2/1, 2/2)- Note that (T*)2(l) = 0. Similar to the Case 2 in 
Subsection 3.3, we write 

^k[ ^k'^ TDk^ Dk2 (xi , X2 , x/i , X72 ) 

Dk'^ {Xl , ni )i:>fe^ (X2 ,U2)K{ui,U2,Vl, V2)[Dk^ {Vl , X/ J - Dfc, (xi , X/ J] 

xDk2{v2-,xi^)duidu2dvidv2 
+ y ^fc'i ^^i)^fc^ (a:2, ^^2)-?^(^^i, ^^2, ^"2)^1 {xi,xj^)Dk^{v2,xi2)duidu2dvidv2 

= : y(xi,X2,X7i,X/2) + F/(xi,X2,X/i,X/2). 
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Then we rewrite 

^l' k' (^1' 2^2, 2/1,2/2) = C^K' {xi,x2,yi,y2) + Cl? , {xi,x2,yi,y2) 

where 

'^fc'^fc'(^l'^2,yi,?/2) = J2 ^ X]X]^l*^^l)^2U2)V'(xi,2;2,2;/i,X72)I)fci(x/i,yi)I)fc2(x/2,y2) 

ki<k[ k2>k2 

and similarly for >Cj;^ / {xi,X2,yi,y2)- 

By the fact that (T*)2(l) = 0, X2, x/^ , x/j) satisfies the almost orthogonality esti- 

mate in (|3.22p as for I{xi,X2,xi-^ , xj^) with k2 and k'2 interchanged. Hence, applying the almost 

orthogonality estimate and the size properties of -Dfci(x/i,yi) and Dk^i^h^V^) gives 

2 1 1 
l-C,/ ./ {xi,X2,yi,y2)\ <C 



,^,,<v F_^,(xi) + i;_,;(yi) + nxi,yi)(2-^Udi(xi,yi))^ 

1 '^-k'r.e 



^2-4 (^2) + 1^2-.^ (2/2) + 1^(a::2, 2/2) (2-*^2 + d2(x2, 2/2))" ' 
which implies that (xi, X2, 2/1, 2/2) satisfies (-Di). 

A; J ,fc2 

The proof of term , (xi, X2, 2/1, 2/2) is similar to that of £M , (xi, X2, 2/1, 2/2)- Thus 

, (xi, X2, 2/1, 2/2) satisfies (-Di). As a result, / (xi, X2, 2/1, 2/2) satisfies {Di). Following 
the same proof of £2, , (xi, X2, 2/1, 2/2), -^^^ , / (xi, X2, 2/1, 2/2) satisfies (-Di). 

Finally, note that (r*)i(l) = (T*)2(l) = 0, So Dy^Dy^TDk^Dk2{xi.,X2iXi^,xi2) satisfies 
the almost orthogonality estimate in (|3.22p with ki and k'^, k2 and k'2 interchanged, respectively, 
and from this together with the size properties of -Dfci (x/^ , yi ) and Df^^i^hiV'i) yields that 
^t' i,' (a^i' 2^2,2/1, 2/2) satisfies {Di). 

Combing all the estimates of C], , (xi, X2, 2/1, 2/2)~^f;' , ' (xi, X2, 2/1,2/2) we can obtain that 
J^k[,k'2{xi,X2,yi,y2) satisfies {Di). 

Jleplacingi:»fc2jx/2,y2), Dk^{xi^,ji) and (x/i, 2/i)-C>fc2(x/2^, 2/2) by Z?fc2(2;/2, 2/2)-^fc2 
2/2) , -Dfci (x/i ,yi)-Dki (x/i , ) and [5^^ (x/^ ,yi)-bk^ (x/^ , 2/1 )] [5^2 (X72 , 2/2) - -Dfc2 (2^/2 , 2/2 )], re- 
spectively, and then applying the same proof as for {Di) will give the proofs of {D2) - (D^). 
We leave these details to the reader. 

We conclude that C^' (xi, X2, 2/1, 2/2) satisfies {III)-{yi). 

4.2 "If" part of Tl theorem on CMO^ 

Note that if / G CMO^(M), in general, T[f ) may not be well defined because / is a distribution 

O f 

in (G',?i,,?2(/^1' /^s; 71, 72)) • The same problem appears in the proof of Theorem 3.6. The key 
fact used in the proof of Theorem 3.6 is that L^(M) n H^{M) is dense in H^{M). It turns 
out that to establish the boundedness of T on H'p{M), it suffices to show the boundedness 
of T for / G LP'{M) n HP{M). This method does not work for the present proof of the "If" 
part of Theorem C because L'^{M) D CMOP(M) is not dense in CMO*'(M). However, as a 
substitution, we have the following 
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Lemma 4.1. For max (2^^, 2Q?+'&2 ) <P^^' L'^iM) D CMOP(M) is dense in CMOP(M) 
in the weak topology {HP{M), CMOP(M)). More precisely, for each f £ CMO^'(M), there exists 
a sequence {/«} C Lp'{M) n CMO^(M) such that ||/n.|lcMOP(JU) — ^II-^IIcmop(M)' '^^^'^^ C is a 
positive constant independent of n and f, and moreover, for each g G H'p{M), {fn,g) — ^ HiQ) 
as n 00. 

Proof of Lemma \4-.1\ We first recall the discrete Calderon identity, namely, 

f{xi,X2) = ^ ^ \Il\\l2\Dk^{xi,Xl^)Dk^{x2,Xl^)bk^bk^{f){xi^,Xl^), (4.11) 
ki,k2 h,l2 

where, for the simplicity, we denote for and similarly II2I for Ii2{l2)-, and for each ki 

and ^2, Ii, I2 range over all the dyadic cubes in Mi and M2 with the diameter (.{Ii) = 2~^^~^'^ 
and ^(12) = 2~''^~^^. Moreover, the series converges in the both norms in Gi9i,i92(/^^l)/^^2)7i'72) 
with < /?• < A < 'di, < 7 • < 7i < 'di, i = 1,2, and LP{Mi x M2), 1 < p < 00. Note that 
Dyfc^ (xi, x/^) and 1)^2 (^2 > a: /j) as functions of xi and X2, respectively, have compact supports. 
Suppose that / G CMOP(M). Set 

/n(a::i,a::2) := ^ ^ \Ii\\l2\Dk^{xi,xi^)Dk2{x2,xi^)Dk^Dk^{f){xi^,xi2), 

\ki\<n,\k2\<n Ii,l2.IiXl2CBn 

where Bn = {{xi,X2) : d{xi,Xi) < n, d{x2, X2) < n}. 

It is easy to see that G LF'{M). We will show that /„ G CMO^(M) and moreover, there 
exists a constant C independent of n and / such that for any open set C M with finite 
measure. 



iri/E E \Dk[D4fn){x,y)\\,>{x,)xr^{x2)dx,dx2<C^^^^^^ 
^ k' h' I'xj'cn 



To show the above estimate, we need the following almost orthogonal estimate of Lemma 2.11 
in |HLL2] . Here and in the rest of the paper, for a, 6 G M we use a A 6, a V 6 to denote min(a, b) , 
max(a,6), respectively. 

Lemma 4.2 (Lemma 2.11. jHLL2j ). Let {S'fc.jfcjgz o,nd {Pfc-j^.g^ be two approximations to 
the identity with regularity exponent -di and D^. = S^. — Sk^-i, E^. = P^- — Pki-i, i = 1;2. 
Then for each e G (0, i?i A t?2); there exist positive constants C depending only on e such that 
Di-^Di2EkjEk^{xi, X2,yi,y2), the kernel of Di^Di^E^^Ek^, satisfies the following estimate: 

\Di,Di,Ek,Ek,{xi,X2,yi,y2)\ < C72-l'=i-'il^2-l'=2-/2k (4.I3) 

2-ikiAli)£ 

y2-(^i A'l) i^i) + ^2-(^iA'i) (?/i) + V{xi,yi) (2-('=i^'i) + d{xi,yi)y 

2-{k2Al2)e 



V^-ik,M,) {X2) + V^-^,,M,) (2/2) + ■^^(a::2, y2) (2-(fc2A«2) + d{x2,y2)y ' 
We turn to the proof of Lemma l4.ll Note that from the definition of /«, we have 



Dk[Df,'^{fn)ixi,X2) 
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|/i||/2|Z)^^-Dfei-D^^-Dfc2(^i>a;2,a;/i,a;/2)-C'fciI? 

|fci|<n,|fc2|<ra/l,-f2:/lx/2CBn 



Applying Lemma [12] for the term D,i D,i Dj.^ (xi, X2, xj, , x/,) first and then 

""l ^^2 

Holder's inequality, we obtain 

sup \D,, D,,{fn){xi,X2)\^ 
a:iei]^,X2GJ2 



'fc2(/)(a;/i,X72). 

using the 



< 



2-(fciAfc^) 



2-{fc2Afc2) 



^2 

As a consequence, we have 



£2 



|-DfciL>fc2[/](a;/i>2;72 



5^ 5^ l^ill^al sup |Z)^,i?^,[/„](xi,X2 
1^1 fc^.fc^/Jx/^cn xie/;,a;2e4 



(4.14) 



2-{k]_Ak[) 



£i 



2-(fc2Afc2) \ £2 



2-feAfc;) ^ l^(x/2,a;,,) + F_„^,,^)(x/2) + v;_(,^,,^)(x,,) 



x|-Dfci^fc2[/](2;/i'2;/2)|^- 

Note that 2-l'=i-'='il w A 2-^^^^^'^ « diam(/i) V diam(/;) and d{xi„xr) > 

diam(/i) aiam(iij 

dist(/i, I]^). Similar results hold for k2,k2 and I2,l2- Applying the above estimate with any 
arbitrary points Xji and Xji in l[ and I^, respectively, and the fact that ab = {a\/ 6)^(f A ^) 



,„ 2_i E E E E 



Ll4l 1^1 



diam(/i) ^ diam(/]^) 
.diam(/j) diam(/i) 



ei 



X 



diam(/2) ^ diam(/2)"'^^ 
diam(/2) diam(/2) 



• (i/iiv|/;i)(i/2iv|/;i) 



|/i|V|/i| / diam(/i) V diam(/i) V 

Kiist(/i,/;)(^^i) + l^il V Vdiam(/i) V diam(/;) + dist(/i,/i)/ 
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/2I V I/2I / diam(/2) V diam(/2) 



Klist(/2,4)(^'f2) + 1^2! V I/2I Vdiam(/2) V diam(/2) + dist(/2, 12) 



£2 



X inf ^\Dk,DkMxi,X2)\. (4.15) 



Following the same steps as in the proof of Theorem 3.2 in jiHLL2] gives 

— \— I Df,' {fn){xi,X2)fxj' {xi)Xj' {X2)dxidx2 (4.16) 

,X2)\ Xh{xi)xi2{x2)dxidx2. 

Taking supremum over all open sets with finite measures, we obtain 

ll/nllcA/OP ^ ^ sup 2— T ,3:2)! X/i(2;i)x/2(2;2)d2;idx2. 

The last term above, however, by the Plancherel-Polya inequality for the space CMO^{M) in 
[HLL2], is dominated by 

Csup — /EE \Dk^Dk^{f){xi,X2)\^Xh{xi)xi2{x2)dxidx2. 

This implies that WfnWcMO^ ^ C'II/IIcmop- 

We verify that /„ converges to / in the week topology (-ff^, CMO^). To do this, for any 

o 

h G G,?i,tf2(/5ii /^2; 7ij 72)) by the discrete Calderon's identity, 
{f-fn,h) = { ^ \Ii\\l2\Dk^{-,xijDk^{-,xi2)Dk^Dk2{f){xi^,xj^),h) 

|A:i|>n, or |A:2|>n, or hxh'^Bn 

= E \h\\l2\Dkj^Dk^{h){xi^,xj^)DkiDk2{f){xi^,xi2). 

|fcl|>n, or |fe2|>n, or IxJ^Bn 

To see that the last term above tends to zero as n tends to infinity, we write 

E IhWhlDk^ (h) (x/i , xi^)bk^ Dk^if) {xj-, , xj^ ) 

|fci|>n, or |fc2|>n, or IiXl2<^B„ 

= { E \h\\h\Dk^{-,xi^)Dk2{-,xi2)Dk^Dk2{f){xi^,xi2),h). 

|fci|>n, or \k2\>n, or IiXl2<^B„ 

Following the proof of Proposition 2.14, the Plancherel-Polya inequality, 

E \h\\h\Dk^{xi, xijDk,, {x2 , xi^)Dk^ Dk^if) {xi^ , xi^ ) 

|fci|>n, or |fc2|>»i, or /iX/2^-Bn 

tends to zero in the norm as n tends to infinity and hence, by the duality argument, 

o 

if — fn, h) tends to as n tends to infinity. Note that G-di,-d2 (/^i) 1^2; 7i> 72) is dense in H'P{M). 
Then for any g E HP{M), {f — fn, d) still tends to as n tends to infinity. Indeed, if 5 G HP{M) 
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and for any e > 0, there exists a function h G G'i9i,i?2(/5i) /52; Ti, 72) such that \\g — h\\jjp^j^^ < e. 
Now by the duahty and the fact that ll/n|lcMOP{M) 

<C\\f\\ 

CMOP(M)' ^^^^ 
|(/-/n,5>|<|(/-/n,5-M| + |(/-/n,/i>| 

- 11^ ~ ^"llcMOP(M)ll^ ~ ^\\hp(M) + |(/ ~ fn, h)\ 
^<^^ll/llcMOf(M) + \{f - fn,h)\, 

which imphes that hm {f — fn,g) = 0. The proof of Lemma l4.1l is completed. 

n— >oo 

□ 

We are ready to show "if" part of Theorem C. 

We first define T on CMOP(M) as foUows. Given / G CMOP(M), by LemmaHU there is 
a sequence {/„} C L'^{M) n CM0P{M) such that ||/n|lc]viop(M) < C'll/llcMOf(M)' ^"^"^ 
g G L2(M) n Hp(m), {fn,g) {f,g) as n ^ 00. Thus, for / G CMOP(M), we define 

(T(/),5) := hm {T{U),g) 

for each g G L'^{M) n HP{M). 

To see that this hmit exists, we note that {T{fj — fk),g) = {fj — fk-,T*{g)) since both 
fj ~ fk and g belong to and T is bounded on L^. T* is bounded on and the kernel of T* 
satisfies the conditions in Theorem B. Moreover, ((T*)i)*(l) = Ti(l) = and ((T*)2)*(l) = 
T2{1) = 0. Therefore, by the "if part of Theorem B which has been proved in Subsection 4.1, 
T*{g) G L2(M) n HP{M). Thus, by LemmaSH {fj - fk,T*{g)) tends to zero as j,k^ 00. It 
is also easy to see that this limit is independent of the choice of the sequence that satisfies 
the conditions in Lemma |4.1[ 

To finish the proof of "if" part of Theorem C, we claim that for each / G L?'{M) n 
CMOP(M), 

Il^(/)IICM0^(A?)<^II/IICM0^(M)' (4-17) 

where the constant C is independent of /. 

To see the above claim implies the "if" part of Theorem C, by the definition of T on 
CMO*'(M), for each g G L^{M)nHP{M), {T{f),g) = lim„,^oo(T(/„), 5), where /„ satisfies the 

o 

conditions in Lemma W7\] Particularly, taking g{x,y) = Dk^Dk^{x,y) G G^j.^al/'i) /^s; 71, 72) 
and applying the claim yield 

<liminf ||r(/„)||(.j^Q,(jj^ - ^ll^"llcAfO^(M) 
- ^ll-^llcMOP(M)- 

Thus, it remains to show the claim. The proof of the claim follows from Theorem 2.18, the 
duality between HP{M) and CM0P{M), and the "if part of Theorem B. To be more precisely, 
let f £ L"^!! CMOP{M) and 5 G n HP{M). By the duality first and then the "if part of 
Theorem B, we have 

\{T{f),g)\ = \{f,T*ig))\ < \\f\\cMOr'{M)\\^*(9)\\HPiM) < C|I/IIc;A/Op(JU) II5II//p(M)- 
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This implies that for each / G L'^{M) n CMOP{M),lf{g) = {T{f),g) defines a continuous 
Uncar functional on L'^{M) D HP{M). Note that L^(M) D HP{M) is dense in HP(M). Thus, 
if{g) = {T{f),g) belongs to the dual of HP{M) and the norm of this linear functional is domi- 
nated by C||/||cMOP- By the duality, that is Theorem 2.18, again, there exists h G CMOP{M) 

o 

such that {T{f),g) = {h,g) for each g G Gi}i,-a2{l3i, P2; 71,72) and \\h\\cMOP < C\\£f\\ < 
^ll'^llcMOP(M)" '^^^ crucial fact we will use is that, taking g{x,y) = Dk^Dk^{x,y), we ob- 
tain that {T{f),Dk^Dk^) = {h, Dk^Dk^). Therefore, by the definition of space CM0P{M), we 
have 

r 1 1 

im/)llcMO.(M)=sup^-^ 5^ \D,,D,,{T{f)){xi„xi,)\'\h\\l2\\ 



^^Pj^n E E \Dk2DkAh){xi„xi,)\''\h\\l2\\ ^ 
^ ki,k2ezii,i2--hxi2cn ^ 



ll"IICMOP(Af) 
- ^\\f\\cMOP{M)- 

The proof of the claim is concluded and hence the proof of "if " part of Theorem C is 
complete. 

4.3 "Only if" part of Tl theorems on Hp and CMQp 

We first show the "only if" part of Theorem C. Suppose that T is a Calderon-Zygmund operator 
defined in Subsection 3.1 and bounded on CM0P{M). For each f2{x2) G C^(M2), we define 
the function f{xi,X2) on M by f{xi,X2) ■= Xi{xi)f2{x2), where Xi{xi) = 1 on Mi. It is clear 
that / is in CM0P{M) with \\f\\cMOp{M) = ^- Consequently, we have Tf G CM0P{M) and 
\\Tf\\cMonM)=^- Therefore, 

/ / / / gi{xi)g2ix2)K(xi,yi,X2,y2)f2iy2)dxidx2dyidy2=0 

J M2 J Ml J M2 J Ml 

for all gi G C^(Mi) with / gi{xi)dxi = 0,g2 G Cjj{M2) with / g2{x2)dx2 = and all /2 G 
Cq(M2). Note that the above equality is equivalent to 



T*{gi (8) g2){y\,y2)h{y2)dyidy2 = 0. 

M2 J Ml 

Since T is bounded on L'^{M), so T* is also bounded on L?'{M). Therefore, T*{g\ 5^2) S 
L-^(M) n L?{M) since (51 ® 52) e H^iM). Note that C^(M2) is dense in L?{M2). This implies 

/ T*{gi®g2){yi,y2)dyi = 0= I I I gi{xi)g2ix2)K{xi,yi,X2,y2)dxidx2dyi 

J Ml J Ml JM2 J Ml 

for ah gi G Cq'(Mi) with / gi{xi)dxi = 0,52 G C^i^h) with / g2{x2)dx2 = and for 2/2 e M2 
almost everywhere. Thus, ri(l) = 0. Similarly we can prove that 12(1) = 0. 

We now prove the "only if" part of Theorem B. We claim that if T is bounded on 
and HP{M), then the adjoint operator T* extends to a bounded operator from CM0P{M) to 
itself, where T* is defined originally by 

{Tf,g) = {f,T*g) 
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for all /,5 G L2(m). _ _ _ _ 

To see this, let / € L'^(m) n HP{M) and g £ L'^(M) n CM0P{M), then, by the duality 
between HP{M) - CM0'P{M), 

\{T*9,f)\ = \{g,Tf)\ < C'||/||^p(^)||5||c.AfOf{M)- 

This implies that {T*g,f) defines a continuous linear functional on HP{M) because Lp'{M) n 
HP{M) is dense in HP{M). Moreover, applying the same proof given in Subsection 4.2 yields 

1 1 T"'* 1 1 <^ II II 

II S\\cmOp(M) — ^ ll^llcMOP(M)' 

Then, applying the "only if" part of Theorem C for the operator T* implies that (T*)i(l) = 

(r*)2(i) = 0. 



5 The Tl theorem of n factors 

In this section we consider the Tl theorem on M = Mi x • • • x M„. To do this, we first 
consider the case n = 3, i.e., M = Mi x M2 x M3. The general case with n factors will follow 
by induction. 

We first recall the definition of the Littlewood-Paley square function on M. 

Definition 5.1. Let {5'fc-}fc-gz be approximations to the identity on Mi and D^. = Ski ~ 

Sk,_i,i = 1,2,3. For / G (^^..^^(/^i, /52, /Sa; 7i, 72, 73))' with < ^,7^ < = 1,2,3, Sd{f), 
the discrete Littlewood-Paley square function of /, is defined by 

Sd{f){xi,X2,X-i) 

00 00 00 

= { XI Yl XIXIXI l^fci^'^2^'^3(/)(^l>^2,X3)|^X/i(a;i)X/2(a^2)X/3(a;3)} , 

fci=— 00 fc2=— 00 A;3=— 00 Ii I2 I3 

where for each ki, Ii ranges over all the dyadic cubes in Mj with side-length = 2~^^~^% 
and Ni is a large fixed positive integers, for i = 1,2,3. 

We recall the Hardy spaces and generalized Carleson measure spaces CMO^ on M as 
follows. 

Definition 5.2 f [HLL2] ). Let max (q^, < p < 1 and < ft, 7^ < for 

i = 1,2,3. 

HP{M) := {/ e (G'^„^2(/3i,/32,/53;7i, 72,73))' : Mf) G L^'(M)} 
and if / e HP{M), the norm of / is defined by 1111]^,^^^ = ||5d(/)||p. 

Definition 5.3 ([HLL2])- Let max (^^i^, _^3_) < p < 1 and < ft, 7, < 

for i = 1,2,3. Let {Sk^}ki£z be approximations to the identity on Mj and for ki G Z, set 
= Ski ~ '^ki-i: i = 1,2,3. The generalized Carleson measure space CMO'p{M) is defined, 
for / E (G.^*! .^^2(/5i,/52,/?3;7i,72,73)) , by 

,X2,X3)\ (5.18) 
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xXii{xi)xi2{x2)Xh{x3)dxidx2dx3 1 < oo, 

where Q are taken over ah open sets in M with finite measures and for each ki, li ranges over 
all the dyadic cubes in with length = 2"'=^-^% i = 1, 2, 3. 

To consider singular integral operators on M, we first introduce the space Cq(M) by in- 
duction. Note that we have introduced Cq (Mi x M2) in Subsection 3.1. A function /(xi, X2, xs) 
is said to be in Cq (M) if / has compact support and 

||/(a;i,2;2,-)llco''(MixM2) e C^iMs). 

Now we introduce a class of product Calderon-Zygmund singular integral operators on M . 

Let T : Cq{M) — t- (^CQ{M)y be a linear operator with an associated distribution kernel 
K{xi,yi,X2,y2,X3,y3), which is a continuous function on M\{{xi,yi,X2,y2,X3,y3) : Xi = 
yi, for some i, 1 < i < 3}. Moreover, 

(i) {T{(pi ®ip2® 953), V'l ® V'2 <X) V'3) 

= / K{xi,yi,X2, y2,X3,y3) Hi (Piixi)ipi{yi)dxidyidx2dy2dx3dy3 

whenever (pi and ipi are in CQ(Mj) with disjoint supports, for 1 < z < 3. 



(ii) There exists a Calderon-Zygmund valued operator K3{x3,y3) on Mi x M2 such that 

(r((/7i (g) <^2 <X) (^3), ■01 <8) ^2 <x> ■03) 

(K3(a;3,y3)((/?i (8)¥52),'0i ® il^2)^:i{x3)ip2.{y^)dx3dy3 



whenever and 0^ are in CQ{Mi) for 1 < i < 3 and supp(/P3nsuppV'3 = 0- Moreover, 
||-^3(a;3,y3)||cz(MixM2) a function of ^3,1/3 G M3, satisfies the following conditions: 

(ii-a) ||i^3(a:3,y3)||cz,i,2 < CV{x3,y3)~^; 
(ii-b) \\K3{x3,y3) - K3{x3,y^)\\cz,i,2 

^ r^(d3{yz,y'3)Y.r, x-i .f , / ^ c?3(a;3,y3) 
<C' t7 H) ^\^^^y^) if cf3(y3,y3) < 



^d3(x3,y3)^ ^ ^"'•'^ ■-..v.o,... _ 2^ , 

(ii-c) ||ii:3(a;3,y3) - K3{x3,y3)\\cz,i,2 

^ r^(di>{x3,x'^)Y 1 'x ^ 4(3^3,^3) 

< V ^(^3,2/3) if d3{X3,X3)< — . 

^d3{x3,y3)J 2 A 

Here we use || • \\cz(MixM2) denote the Calderon-Zygmund norm of the product 
Calderon-Zygmund operators on Mi x M2. More precisely, ||7'||cz(AfixM2) — II^IIl^^l^ + 
\K\cz{MixM2)i where \K\cz,i,2 = min(|iCi|cz, \K2\cz) by considering as a pair {Ki,K2) 
as in Subsection 3.1 
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(iii) There exists a Calderon-Zygmund valued operator -fCi,2(a;i, yi, a;2, 2/2) on M3 such that 

= / {Ki,2{xi,yi,X2,y2){^z),^z)\\^^i{xi)i)i{yi)dxidyidx2dy2 

i=l 

whenever (pi and tpi are in CQ(Mj) for 1 < i < S, and ipi and tpi have disjoint supports 
for i = 1,2. Moreover, as a function of (xi, yi, X2, ^2), -f^i,2(a^i, yi, a^2, ^2) satisfies the 
following conditions: 

(iii-a) \\Ki^2{xi,yi,X2,y2)\\cz < CV{xi,yiy^V{x2,y2y^; 
(iii-b) \\Ki^2{xi,yi,X2,y2) - Ki^2{x'i,yi,X2,y2)\\cz 

(iii-c) above (iii-b) holds for interchanging xi,X2 with yi,y2', 
(iii-d) ||-fCi,2(a;i,yi,a;2,y2) - -ftri,2(a;'i,yi,a;2,y2) 

- ^1,2 , yi , 4 > 2/2 ) + -f^i,2 (a;'i , yi , 4 > 2/2 ) 1 1 cz 

^ r^fdi{xi,x[)Y .-ifd2ix2,x'2)Y.,, 

Vc(i(a;i,yi)/ ^d2{x2,y2)^ 

.f , ( '^^di{xi,yi) 's^d2{x2,y2) 
it di{xi,Xi)< — and d2{x2,X2)< 



2A - 2A 

(iii-e) above (iii-d) holds for interchanging Xi,X2 with yi,y2- 

(iv) The same conditions (ii) and (iii) hold for any permutation of the indices 1,2,3. That is, 
we can consider T as a pair of {Ki^3,K2), as well as a pair of {Ki,K2^3). Both Ki and 
K2 satisfy (ii). Similarly, both Ki^s and iC2,3 satisfy (iii). 

To state the Tl theorem on M, we need to deal with the partial adjoint operators T. We 
have the following two classes of partial adjoint operators. For the first class, Ti, the partial 
adjoint operator of T, is defined as 

{Ti{(pi 0(p2 (P3),i'l (8) V'2 ® V'3) = {Tilpl (^^2® (P3),V>1 ® V'2 (8) Ips), 

and similarly for T2 and T3. For the second class, Ti^2, the partial adjoint operator of T, is 
defined as 

{Tl,2{Vl ®^2® (^3), "01 ®i>2® "03) = {T{'4)i (g) V'2 <X) ipz), ipi®^2® '03), 

and similarly Ti^2 and T2.3. Thus, there are totally C3 + C3 = 6 partial adjoint operators. 

We also define the weak boundedness property. Let T be a product Calderon-Zygmund 
singular integral operator on M. We say that T has the WBP if 

||(Kl(^2®</'3),V'2®V'3)||cZ(Mi) < CVr^{xl)Vr^{xl) 

for all ip2,ip2& AM2{S,X2,r2), V3,ip3& ^M3(<5, a^g, ra) and, 
||(^i,2(</'3),V'3)||cz(MixM2) < CVrsixl) for all <f3,i^3 & ^Ms (-J, ajg, ra). 
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and the same conditions hold for Ki, K2 and -fCi,3, ^^2,3, respectively. 
Now we can state the Tl theorem on M. 

Theorem A' Let T be a product Calderon-Zygmund singular integral operator on M. Then 
T is bounded on L^{M) if and only if Tl, T*l, Til, T2I, f^l, fi,2l, Ti,3l and Tb.al. lie on 
BMO{M) and T has the weak boundedness property. 

Theorem B' Let T be the bounded product Calderon-Zygmund singular integral operator 
on M. Then T extends to a bounded operator from HP{M), max (q^^, q^^j Q^^) ^ P — 
1, to itself if and only if (r*)i(l) = (r*)2(l) = (r*)3(l) = 0. 

Theorem C' Let T be the bounded product Calderon-Zygmund operator on M. Then 
T extends to a bounded operator from CMO^'(M), max (2^^^, 2Q^+'d2 ' 2^^^) < P < 1) to 
itself, particularly from BMO{M) to itself, if and only if ri(l) = T2(l) = T3(l) = 0. 
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